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 STOCHASTIC COMPLEMENTATION, UNCOUPLING MARKOV

 CHAINS, AND THE THEORY OF NEARLY REDUCIBLE SYSTEMS*

 CARL D. MEYERW

 AbVWUacW. A cRQcHSW caOOHG VWRcKaVWLc cRPSOHPHQWaWLRQ LV aQ LGHa ZKLcK RccXUV QaWXUaOO\, aO-
 WKRXJK QRW aOZa\V H[SOLcLWO\, LQ WKH WKHRU\ aQG aSSOLcaWLRQ RI ILQLWH MaUNRY cKaLQV. TKLV SaSHU bULQJV
 WKLV LGHa WR WKH IRUHIURQW ZLWK aQ H[SOLcLW GHILQLWLRQ aQG a GHYHORSPHQW RI VRPH RI LWV SURSHUWLHV. AS-
 SOLcaWLRQV RI VWRcKaVWLc cRPSOHPHQWaWLRQ aUH H[SORUHG ZLWK UHVSHcW WR SURbOHPV LQYROYLQJ XQcRXSOLQJ
 SURcHGXUHV LQ WKH WKHRU\ RI MaUNRY cKaLQV. FXUWKHUPRUH, WKH UROH RI VWRcKaVWLc cRPSOHPHQWaWLRQ LQ
 WKH GHYHORSPHQW RI WKH cOaVVLcaO SLPRQ-AQGR WKHRU\ RI QHaUO\ UHGXcLbOH V\VWHP LV SUHVHQWHG.

 KH\ ZRUGV. MaUNRY cKaLQV, VWaWLRQaU\ GLVWULbXWLRQV, VWRcKaVWLc PaWUL[, VWRcKaVWLc cRPSOHPHQ-

 WaWLRQ, QHaUO\ UHGXcLbOH V\VWHPV, SLPRQ-AQGR WKHRU\

 AMS(MOS) VXbMHcW cOaVVLILcaWLRQV. 65U05, 60-02, 60J10, 60J20, 15-02, 15A51, 90A14

 1. IQWURGXcWLRQ. AOWKRXJK QRW aOZa\V JLYHQ aQ H[SOLcLW QaPH, a TXaQWLW\ ZKLcK

 ZH VKaOO UHIHU WR aV a VWRcKaVWLc cRPSOHPHQW aULVHV YHU\ QaWXUaOO\ LQ WKH cRQVLGHUaWLRQ

 RI ILQLWH MaUNRY cKaLQV. TKLV cRQcHSW KaV KHUHWRIRUH QRW bHHQ IRcXVHG XSRQ aV aQ

 HQWLW\ XQWR LWVHOI, aQG a GHWaLOHG VWXG\ RI WKH SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQWa-

 WLRQ KaV QRW \HW bHHQ JLYHQ. TKH SXUSRVH RI WKH ILUVW SaUW RI WKLV H[SRVLWLRQ LV WR
 H[SOLcLWO\ SXbOLcL]H WKH XWLOLW\ RI WKLV cRQcHSW aQG WR SUHVHQW a PRUH cRPSOHWH aQG

 XQLILHG GLVcXVVLRQ RI WKH LPSRUWaQW SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQWaWLRQ.

 A IRcaO SRLQW RI WKH GHYHORSPHQW cRQcHUQV WKH SURbOHP RI GHWHUPLQLQJ WKH VWaWLRQ-
 aU\ GLVWULbXWLRQ RI aQ LUUHGXcLbOH MaUNRY cKaLQ b\ XQcRXSOLQJ WKH cKaLQ LQWR VHYHUaO

 VPaOOHU LQGHSHQGHQW cKaLQV. IQ SaUWLcXOaU, LI PP[P LV WKH WUaQVLWLRQ PaWUL[ IRU aQ P-

 VWaWH, KRPRJHQHRXV, LUUHGXcLbOH MaUNRY cKaLQ C, WKH VWaWLRQaU\ GLVWULbXWLRQ SURbOHP

 cRQcHUQV WKH GHWHUPLQaWLRQ RI WKH XQLTXH YHcWRU 7U1 [P ZKLcK VaWLVILHV

 P

 7P =, 7 L >?, 7UL = 1.
 L=O1

 FRU cKaLQV ZLWK UHOaWLYHO\ IHZ VWaWHV, WKLV LV QRW a GLIILcXOW SURbOHP WR VROYH XVLQJ aGaS-

 WaWLRQV RI VWaQGaUG WHcKQLTXHV IRU VROYLQJ V\VWHPV RI OLQHaU HTXaWLRQV. HRZHYHU, WKHUH

 H[LVW PaQ\ aSSOLcaWLRQV IRU ZKLcK WKH QXPbHU RI VWaWHV LV WRR OaUJH WR bH cRPIRUWabO\

 KaQGOHG b\ VWaQGaUG PHWKRGV. FRU OaUJH-VcaOH SURbOHPV, LW LV RQO\ QaWXUaO WR aWWHPSW

 WR VRPHKRZ XQcRXSOH WKH RULJLQaO P-VWaWH cKaLQ C LQWR WZR RU PRUH VPaOOHU cKaLQV

 Va\ C1, C2,.* , CN--cRQWaLQLQJ U1, U2,*, UN VWaWHV, UHVSHcWLYHO\, ZKHUH EN UL = P.
 IGHaOO\, WKLV VHTXHQcH RI VPaOOHU cKaLQV VKRXOG KaYH WKH IROORZLQJ SURSHUWLHV:

 * EacK VPaOOHU cKaLQ CL VKRXOG bH LUUHGXcLbOH ZKHQHYHU WKH RULJLQaO cKaLQ C LV
 LUUHGXcLbOH VR WKaW HacK CL KaV a XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU VL.

 * IW VKRXOG bH SRVVLbOH WR GHWHUPLQH WKH VL'V cRPSOHWHO\ LQGHSHQGHQW RI HacK
 RWKHU. FRU PRGHUQ PXOWLSURcHVVRU cRPSXWHU aUcKLWHcWXUHV LW LV GHVLUabOH WR

 bH abOH WR H[HcXWH WKH cRPSXWaWLRQ RI WKH VL'V LQ SaUaOOHO.
 * FLQaOO\, LW PXVW bH SRVVLbOH WR HaVLO\ cRXSOH WKH VPaOOHU VWaWLRQaU\ GLVWULbXWLRQ

 YHcWRUV VL bacN WRJHWKHU LQ RUGHU WR SURGXcH WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU
 LU IRU WKH OaUJHU cKaLQ C.

 * RHcHLYHG b\ WKH HGLWRUV JaQXaU\ 26, 1988; accHSWHG IRU SXbOLcaWLRQ (LQ UHYLVHG IRUP) FHbUXaU\
 2, 1989. TKLV ZRUN ZaV VXSSRUWHG b\ NaWLRQaO ScLHQcH FRXQGaWLRQ JUaQW DMS-8521154.

 NRUWK CaUROLQa SWaWH UQLYHUVLW\, DHSaUWPHQW RI MaWKHPaWLcV; CHQWHU IRU RHVHaUcK LQ ScLHQWLILc
 CRPSXWaWLRQ, BR[ 8205, RaOHLJK, NRUWK CaUROLQa 27695-8205.

 240
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 STOCHASTIC COMPLEMENTATION 241

 TKH VHcRQG SaUW RI WKLV SaSHU LV GHGLcaWHG WR VKRZLQJ KRZ WR accRPSOLVK WKH

 abRYH WKUHH JRaOV, aQG LW LV LQGLcaWHG KRZ WKLV caQ OHaG WR IXOO\ SaUaOOHO aOJRULWKPV IRU

 WKH GHWHUPLQaWLRQ RI WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU RI WKH RULJLQaO cKaLQ.

 FLQaOO\, LQ WKH WKLUG SaUW RI WKLV VXUYH\, WKH aSSOLcaWLRQ RI VWRcKaVWLc cRPSOHPHQ-

 WaWLRQ WR WKH cOaVVLcaO SLPRQ-AQGR WKHRU\ GHYHORSHG LQ [18] IRU QHaUO\ cRPSOHWHO\

 UHGXcLbOH cKaLQV LV SUHVHQWHG. IW LV GHPRQVWUaWHG KRZ WR aSSO\ WKH cRQcHSW RI VWRcKaV-

 WLc cRPSOHPHQWaWLRQ LQ RUGHU WR GHYHORS WKH WKHRU\ IRU QHaUO\ cRPSOHWHO\ UHGXcLbOH

 V\VWHPV LQ a XQLILHG, cOHaU, aQG VLPSOH PaQQHU ZKLOH VLPXOWaQHRXVO\ VKaUSHQLQJ VRPH

 UHVXOWV aQG JHQHUaOL]LQJ RWKHUV.

 2. SWRcKaVWLc cRPSOHPHQWaWLRQ. TKH SXUSRVH RI WKLV VHcWLRQ LV WR LQWURGXcH

 WKH cRQcHSW RI a VWRcKaVWLc cRPSOHPHQW LQ aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[ aQG WR

 GHYHORS VRPH RI WKH baVLc SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQWaWLRQ. TKHVH LGHaV ZLOO

 bH WKH cRUQHUVWRQH IRU aOO VXbVHTXHQW GLVcXVVLRQV.

 UQOHVV RWKHUZLVH VWaWHG, P ZLOO GHQRWH aQ P [ P, LUUHGXcLbOH, VWRcKaVWLc PaWUL[

 ZKLcK ZLOO bH SaUWLWLRQHG aV

 P1O P12 * . PON'

 P21 P22 PP2N

 PNO PN2 ... PNN'

 ZKHUH aOO GLaJRQaO bORcNV aUH VTXaUH. IW LV ZHOO NQRZQ WKaW I-P LV a VLQJXOaU M-PaWUL[

 RI UaQN P - 1 aQG WKaW HYHU\ SULQcLSaO VXbPaWUL[ RI I - P RI RUGHU P - 1 RU VPaOOHU

 LV a QRQVLQJXOaU M-PaWUL[ (VHH [2, S. 156]). IQ SaUWLcXOaU, LI PL GHQRWHV WKH SULQcLSaO
 VXbPaWUL[ RI P RbWaLQHG b\ GHOHWLQJ WKH LWK URZ aQG LWK cROXPQ RI bORcNV IURP WKH

 SaUWLWLRQHG IRUP RI P, WKHQ HacK I - PL LV a QRQVLQJXOaU M-PaWUL[. TKHUHIRUH,

 (2.1) (I - P?)- > 0O

 VR WKH LQGLcaWHG LQYHUVHV LQ WKH IROORZLQJ GHILQLWLRQ aUH ZHOO GHILQHG.

 DEFINITION 2.1. LHW P bH aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a N-OHYHO

 SaUWLWLRQ

 C P1O P12 .. PON\

 P21 P22 P2N P= .'

 PNO PN2 PNN/

 LQ ZKLcK aOO GLaJRQaO bORcNV aUH VTXaUH. FRU a JLYHQ LQGH[ L, OHW PL GHQRWH WKH SULQcLSaO
 bORcN VXbPaWUL[ RI P RbWaLQHG b\ GHOHWLQJ WKH LWK URZ aQG LWK cROXPQ RI bORcNV IURP

 P, aQG OHW PL* aQG P*L GHVLJQaWH

 PL* = (PLO PL2 PLL-1 PLL+1 ... PLN )

 aQG

 POL

 S*L . PLOL I PL- +PLML
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 242 C. D. MEYER

 TKaW LV, PL* LV WKH LWK URZ RI bORcNV ZLWK PLL UHPRYHG, aQG P*L LV WKH LWK cROXPQ RI
 bORcNV ZLWK PLL UHPRYHG. TKH VWRcKaVWLc cRPSOHPHQW RI PLL LQ P LV GHILQHG WR bH
 WKH PaWUL[

 SLL = PLL + PL*( -PL) OS*L

 FRU H[aPSOH, WKH VWRcKaVWLc cRPSOHPHQW RI P22 LQ

 POO P12 P13'\
 P P21 P22 P23

 P31 P32 P33/

 LV JLYHQ b\

 P22 ? (P21 L-PK, -P13 1P12
 S22 = S22 + (S21 P23 )_ -P31 SP33 ) P2 32

 TKH UHaVRQ IRU WKH WHUPLQRORJ\ "VWRcKaVWLc cRPSOHPHQW" VWHPV IURP WKH IacW WKaW
 aOO VWRcKaVWLc cRPSOHPHQWV aUH VWRcKaVWLc PaWULcHV (VHH TKHRUHP 2.1) WRJHWKHU ZLWK
 WKH RbVHUYaWLRQ WKaW aOWKRXJK VWRcKaVWLc cRPSOHPHQWaWLRQ LV QRW WKH VaPH aV WKH ZHOO
 NQRZQ cRQcHSW RI ScKXU cRPSOHPHQWaWLRQ, WKHUH LV QHYHUWKHOHVV a GLUHcW cRQQHcWLRQ LQ
 WKH caVH RI a WZR-OHYHO SaUWLWLRQ

 S _ POO P12
 -P21 P22)*

 II P LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK VTXaUH GLaJRQaO bORcNV, WKHQ WKH VWRcKaVWLc
 cRPSOHPHQW RI P1O LV JLYHQ b\

 SOO = POO + P12(I -P22) 1P21

 aQG WKH VWRcKaVWLc cRPSOHPHQW RI P22 LV

 S22 = P22 + P21(I -P10) P12L

 aQG LW LV HaV\ WR VHH WKaW WKH VWRcKaVWLc cRPSOHPHQW RI PXO LV LQ IacW

 [I - ScKXU CRPSOHPHQW(I - P22)] LQ WKH PaWUL[ I -P,

 ZKLOH WKH VWRcKaVWLc cRPSOHPHQW RI P22 LV

 [I - ScKXU CRPSOHPHQW(I - P11)] LQ WKH PaWUL[ I - P.

 TKH cRQcHSW RI VWRcKaVWLc cRPSOHPHQWaWLRQ aULVHV YHU\ QaWXUaOO\ LQ WKH cRQVLGHUa-
 WLRQ RI ILQLWH MaUNRY cKaLQV, aQG PRUH JHQHUaOO\, LQ WKH WKHRU\ RI QRQQHJaWLYH PaWULcHV.
 CRQVHTXHQWO\, LW LV QRW VXUSULVLQJ WKaW WKH cRQcHSW RI VWRcKaVWLc cRPSOHPHQWaWLRQ-
 aOWKRXJK QRW aOZa\V NQRZQ b\ WKaW QaPH aSSHaUV aW OHaVW LPSOLcLWO\, LI QRW H[SOLcLWO\,
 LQ a YaULHW\ RI SOacHV. FRU H[aPSOH, VWRcKaVWLc cRPSOHPHQWaWLRQ LV a VSHcLaO caVH RI
 a PRUH JHQHUaO cRQcHSW NQRZQ aV PHUURQ cRPSOHPHQWaWLRQ ZKLcK KaV bHHQ VWXGLHG
 LQ [17]. SLPSOH IRUPV RI VWRcKaVWLc cRPSOHPHQWaWLRQ caQ bH IRXQG HLWKHU H[SOLcLWO\
 RU LPSOLcLWO\ LQ a YaULHW\ RI MaUNRY cKaLQ aSSOLcaWLRQV VXcK aV WKRVH LQ [1], [3]-[6],
 [8]-[10], [12]-[16], [20], [21], LQ aGGLWLRQ WR VHYHUaO RWKHUV. HRZHYHU, LW VHHPV WKaW
 VWRcKaVWLc cRPSOHPHQWaWLRQ KaV KHUHWRIRUH QRW bHHQ IRcXVHG XSRQ aV aQ HQWLW\ XQWR
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 STOCHASTIC COMPLEMENTATION 243

 LWVHOI, aQG a GHWaLOHG VWXG\ RI WKH SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQW PaWULcHV KaV

 QRW \HW bHHQ JLYHQ. PaUW RI WKH SXUSRVH RI WKLV SaSHU LV WR H[SOLcLWO\ SXbOLcL]H WKH

 XWLOLW\ RI WKLV cRQcHSW aQG WR SUHVHQW a PRUH cRPSOHWH aQG XQLILHG GLVcXVVLRQ RI WKH

 LPSRUWaQW SURSHUWLHV RI VWRcKaVWLc cRPSOHLQHQWaWLRQ.

 TKH IROORZLQJ WHcKQLcaO OHPPa LV QHHGHG WR KHOS GHYHORS WKH VXbVHTXHQW WKHRU\.

 IWV SURRI LV a VWUaLJKWIRUZaUG aSSOLcaWLRQ RI WKH VWaQGaUG IHaWXUHV RI SHUPXWaWLRQ

 PaWULcHV, aQG cRQVHTXHQWO\ WKH SURRI LV RPLWWHG.

 LEMMA 2.1. FRU aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[

 CP11 P12 .. PLN'
 P21 P22 P2N

 PNO PN2 * PNN

 LQ ZKLcK aOO GLaJRQaO bORcNV aUH VTXaUH, OHW Q bH WKH SHUPXWaWLRQ PaWUL[ aVVRcLaWHG

 ZLWK aQ LQWHUcKaQJH RI WKH ILUVW aQG LWK bORcN URZV (RU bORcN cROXPQV), aQG OHW P bH

 WKH PaWUL[

 P = QPQ.

 II P LV SaUWLWLRQHG LQWR a 2 [ 2 bORcN PaWUL[

 S (POO P12 2 ZKHUH P11 =

 WKHQ WKH VWRcKaVWLc cRPSOHPHQW RI PLL LQ P LV JLYHQ b\

 (2.2) SLL = S11 = P - ? P12 (I - 2-1 P21

 WH aUH QRZ LQ a SRVLWLRQ WR SURYH WKaW HYHU\ VWRcKaVWLc cRPSOHPHQW LV LQGHHG a

 VWRcKaVWLc PaWUL[.

 THEOREM 2.1. II

 /PLO P12 ***PLN

 P21 P22 ... P2N

 PNO PN2 ... PNN

 LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[, WKHQ HacK VWRcKaVWLc cRPSOHPHQW

 SLL = PLL + PL* (I -PL) 1P*

 LV aOVR a VWRcKaVWLc PaWUL[.

 PURRI. FRU a JLYHQ LQGH[ L, aVVXPH WKaW P KaV bHHQ SHUPXWHG aQG UHSaUWLWLRQHG
 aV GHVcULbHG LQ LHPPa 2.1 VR WKaW ZH Pa\ cRQVLGHU

 (YPOO P12 ZKHUH P11 = PL.

 AccRUGLQJ WR (2.2), WKH VWRcKaVWLc cRPSOHPHQW RI PLL LQ P LV WKH VaPH aV WKH VWRcKaVWLc
 cRPSOHPHQW RI P11 LQ P WKaW LV, SLL = S11. SLQcH HacK SULQcLSaO VXbPaWUL[ RI I -P
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 244 C. D. MEYER

 (aQG I - P) RI RUGHU P - 1 RU OHVV LV a QRQVLQJXOaU M-PaWUL[, LW IROORZV IURP (2.1)

 WKaW (I - P22) > 0, aQG KHQcH

 S11 = P1O + P12 (I -P22 P21 >0 .

 NRWH. S11 QHHG QRW bH VWULcWO\ SRVLWLYH aQ H[aPSOH LV JLYHQ aIWHU WKLV SURRI. TR VHH
 WKaW WKH URZ VXPV RI S11 aUH HacK 1, OHW

 aQG aOORZ WKH GLPHQVLRQ RI H WR bH GHILQHG b\ WKH cRQWH[W LQ ZKLcK LW aSSHaUV. TKH
 IacW WKaW WKH URZ VXPV LQ P aUH aOO 1 caQ bH H[SUHVVHG b\ ZULWLQJ

 (2.3) PLOH + P12H = H

 aQG

 (2.4) P21H + P22H = H.

 ETXaWLRQ (2.4) LPSOLHV

 H= I-P22 P21H,

 aQG WKLV WRJHWKHU ZLWK (2.3) \LHOGV

 SLOH = P1OH + P12 (I - P22) P21H = P1OH + P12H = H.

 CRQVHTXHQWO\, S11 = SLL PXVW bH VWRcKaVWLc. [1
 TR VHH WKaW a VWRcKaVWLc cRPSOHPHQW QHHG QRW bH VWULcWO\ SRVLWLYH, cRQVLGHU a 4 [ 4

 LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZKRVH SaUWLWLRQV aQG ]HUR SaWWHUQ aUH VKRZQ bHORZ.

 W+ + O O'

 FRU WKLV cRQILJXUaWLRQ,

 SOO=POO+P12(I-P22)KOP21= (+ + +) + (+) [](+ + +)

 W+ + O'

 AOWKRXJK VWRcKaVWLc cRPSOHPHQWV caQ KaYH ]HUR HQWULHV, WKH ]HURV aUH aOZa\V LQ
 "MXVW WKH ULJKW SOacHV" VR aV WR JXaUaQWHH WKaW HacK SL LV aQ LUUHGXcLbOH PaWUL[.
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 STOCHASTIC COMPLEMENTATION 245

 HRZHYHU, bHIRUH WKLV caQ bH HVWabOLVKHG, LW LV QHcHVVaU\ WR RbVHUYH VRPH aGGLWLRQaO

 IacWV cRQcHUQLQJ VWRcKaVWLc cRPSOHPHQWaWLRQ.

 THEOREM 2.2. SXSSRVH WKaW

 C PO1 P12 .. PON\

 P21 P22 P2N

 PNO PN2 * PNN!

 LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[ LQ ZKLcK HacK P,L LV VTXaUH, aQG OHW

 X = (7 (1) 7U(2) . U . (N)

 bH WKH cRQIRUPabO\ SaUWLWLRQHG VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P. II HacK OU(L) LV
 QRUPaOL]HG LQ RUGHU WR SURGXcH WKH SURbabLOLW\ YHcWRU

 (2.5) SL =

 WKHQ

 VLSLL = VL IRU HacK L =1, 2, , N.

 TKaW LV, VL LV a VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU WKH VWRcKaVWLc cRPSOHPHQW SLL.

 PURRI. AVVXPH WKaW P KaV bHHQ SHUPXWHG aQG UHSaUWLWLRQHG aV GHVcULbHG LQ
 LHPPa 2.1 VR WKaW

 Q P21 P22)

 UVH WKH IacW WKaW 0 = U(I - P) LPSOLHV

 O = 'UQ2(I _S)Q = (X7(L) 7U(2) 7(1) - U(N) )IP

 WRJHWKHU ZLWK WKH HTXaWLRQ

 (I-P1, -P12 I O (I-SI -P12 A
 -P21 I-P22 (I-P22)-1P21 IJ V ? I-P22J

 LQ RUGHU WR cRQcOXGH WKaW

 7U(L)(I -S) = O.

 TKH GHVLUHG UHVXOW QRZ IROORZV IURP LHPPa 2.1 bHcaXVH S?L = S11. [1
 AOWKRXJK TKHRUHP 2.2 HVWabOLVKHV WKaW HacK VL LV a VWaWLRQaU\ GLVWULbXWLRQ YHcWRU

 IRU SLL, QRWKLQJ SURYHQ WR WKLV SRLQW aOORZV IRU WKH cRQcOXVLRQ WKaW WKH VL'V aUH XQLTXH.
 HRZHYHU, WKLV ZLOO IROORZ RQcH LW LV HVWabOLVKHG WKaW HacK SLL LQKHULWV WKH SURSHUW\ RI
 LUUHGXcLbLOLW\ IURP WKH RULJLQaO PaWUL[ P.

 THEOREM 2.3. II

 C PO1 P12 ... PON

 P21 P22 ... P2N

 PNO PN2 * PNN/

 LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[, WKHQ HacK VWRcKaVWLc cRPSOHPHQW

 SLL= PL + PL*(I -PL) P*L

 LV aOVR aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[.
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 246 C. D. MEYER

 PURRI. AVVXPH WKaW P KaV bHHQ SHUPXWHG aQG UHSaUWLWLRQHG aV GHVcULbHG LQ
 LHPPa 2.1 VR WKaW

 S POO P128
 VP21 P22

 aQG

 (2.6) SLL = SO .

 TKH IacW WKaW HacK SLL LV VWRcKaVWLc ZaV HVWabOLVKHG LQ TKHRUHP 2.1. B\ YLUWXH RI
 (2.6), ZH QHHG RQO\ WR SURYH LUUHGXcLbLOLW\ RI S11. B\ QRWLQJ WKaW

 Q P12(LP22) (-IO, -P12 ( 1
 (I -12(I-P22) P21 I-P22/ (I- P22 P21 IJ

 - 0 I I-P22J

 LW IROORZV WKaW

 RaQN (I-P) = RaQN (I-SL1) + RaQN (I-P22)

 SXSSRVH WKaW P, POO, aQG P22 KaYH GLPHQVLRQV P [ P, U [ U, aQG T [ T, UHVSHcWLYHO\,
 ZLWK U+T = P. IW LV ZHOO NQRZQ (VHH [2, S. 156]) WKaW P bHLQJ LUUHGXcLbOH aQG VWRcKaVWLc

 LPSOLHV WKaW RaQN (I-P) = PU-I aQG RaQN (I - P22 = T. CRQVHTXHQWO\,

 RaQN (I-?1 = P-1-T = U-1,

 aQG WKHUHIRUH I - S KaV a RQH-GLPHQVLRQaO QXOOVSacH. TKH OHIW-KaQG QXOOVSacH RI
 I -SL LV VSaQQHG b\ WKH VWULcWO\ SRVLWLYH URZ YHcWRU

 S1 = SL

 GHILQHG LQ (2.5), aQG WKH ULJKW-KaQG QXOOVSacH RI I - S LV VSaQQHG b\ WKH VWULcWO\
 SRVLWLYH cROXPQ YHcWRU H cRQWaLQLQJ U O'V. SLQcH VOH = 1, WKH VSHcWUaO SURMHcWRU
 aVVRcLaWHG ZLWK WKH HLJHQYaOXH A = 1 IRU SOO PXVW bH

 RU[U = HV1 > 0.

 BHcaXVH HYHU\ VWRcKaVWLc PaWUL[ LV CHV'aUR VXPPabOH WR WKH VSHcWUaO SURMHcWRU aVVRcL-
 aWHG ZLWK WKH XQLW HLJHQYaOXH (VHH [11]), LW IROORZV WKaW

 (2.7) OL I +U R > 0.
 Q ccR Q

 IW LV QRZ HYLGHQW WKaW SX caQQRW bH UHGXcLbOH RWKHUZLVH SO1 cRXOG bH SHUPXWHG WR
 a IRUP

 aA Ba

 aQGaaaa WK LL Q(.)ZXGQcVaL\cRWL]HRQUHV O
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 STOCHASTIC COMPLEMENTATION 247

 TKH SURRI JLYHQ abRYH LV aOJHbUaLc LQ QaWXUH, bXW bHcaXVH LUUHGXcLbLOLW\ LV a VWULcWO\

 cRPbLQaWRULaO cRQcHSW, RQH PLJKW ZRQGHU LI a VWULcWO\ cRPbLQaWRULaO SURRI LV SRVVLbOH.

 TKH aQVZHU LV \HV, aQG WKH GHWaLOV Pa\ bH RbWaLQHG b\ UHVWULcWLQJ WKH GLVcXVVLRQ JLYHQ

 LQ [17] WR WKH VSHcLaO caVH RI VWRcKaVWLc PaWULcHV. FXUWKHUPRUH, LW VHHPV UHaVRQabOH

 WKaW WKHUH VKRXOG bH a SURbabLOLVWLc aUJXPHQW, aQG LQGHHG WKHUH LV. IUUHGXcLbLOLW\ LV a

 GLUHcW cRQVHTXHQcH RI WKH SURbabLOLVWLc LQWHUSUHWaWLRQ RI VWRcKaVWLc cRPSOHPHQWaWLRQ

 aV H[SOaLQHG LQ WKH QH[W VHcWLRQ.

 3. TKH SURbabLOLVWLc LQWHUSUHWaWLRQ RI VWRcKaVWLc cRPSOHPHQWaWLRQ. AV-

 VXPH aJaLQ WKaW IRU a JLYHQ LQGH[ L, WKH RULJLQaO WUaQVLWLRQ PaWUL[ P KaV bHHQ SHUPXWHG

 aQG UHSaUWLWLRQHG aV GHVcULbHG LQ LHPPa 2.1 VR WKaW

 A B

 - A POOP122
 = ( P21 PL2) ZKHUH PL, PLL,

 aQG

 SLL = S1O = P ?O + P12 I - P22) P21.

 CRQVLGHU a QHZ SURcHVV caOOHG WKH UHGXcHG cKaLQ ZKLcK LV GHILQHG b\ RbVHUYLQJ WKH

 ROG SURcHVV RQO\ ZKHQ LW LV LQ a VWaWH bHORQJLQJ WR WKH VXbcOaVV A. TKaW LV, WUaQVLWLRQV

 WR VWaWHV LQ B aUH PaVNHG RXW, VR a GLUHcW SaWK AN =', AL LQ WKH UHGXcHG cKaLQ
 cRUUHVSRQGV LQ WKH ROG SURcHVV WR HLWKHU a GLUHcW SaWK AN AM RU a GHWRXU

 AN ) B , AM

 SaVVLQJ WKURXJK B. IQ ORRVH WHUPV, RQH caQ Va\ WKaW WKH UHGXcHG cKaLQ LV GHULYHG IURP

 WKH RULJLQaO cKaLQ b\ "WXUQLQJ RII WKH PHWHU" ZKHQHYHU WKH ROG SURcHVV LV LQ B. II WKH

 RULJLQaO cKaLQ LV LUUHGXcLbOH, WKHQ LW LV cOHaU WKaW WKH UHGXcHG cKaLQ LV aOVR LUUHGXcLbOH.

 FRU H[aPSOH, LI

 -O B2 - A3 3 B4 - 3 B ' A6 ' A7

 LV a VHTXHQcH RI GLUHcW SaWKV IURP AO WR A7 LQ WKH RULJLQaO cKaLQ, WKHQ

 A1 = A3 ' A6 ' A7

 LV a VHTXHQcH RI GLUHcW SaWKV IURP AO WR A7 LQ WKH UHGXcHG cKaLQ.
 FRU WKH UHGXcHG cKaLQ, WKH RQH-VWHS WUaQVLWLRQ SURbabLOLW\ RI PRYLQJ IURP AN WR

 A. LV WKH SURbabLOLW\ LQ WKH RULJLQaO SURcHVV RI PRYLQJ GLUHcWO\ IURP AN WR AM SOXV
 WKH SURbabLOLW\ RI PRYLQJ GLUHcWO\ IURP AN WR VRPH VWaWH LQ B, aQG WKHQ HYHQWXaOO\

 PRYLQJ bacN WR A, KLWWLQJ AM ILUVW XSRQ UHWXUQ. TKH SURbabLOLW\ RI PRYLQJ GLUHcWO\
 IURP AN WR AM LQ WKH RULJLQaO cKaLQ LV

 TNM = [P11] N

 aQG WKH SURbabLOLW\ RI PRYLQJ GLUHcWO\ IURP AN WR BK E B LV

 (NK = N JK-
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 248 C. D. MEYER

 TKH SURbabLOLW\ RI PRYLQJ IURP BK WR A VXcK WKaW AM LV WKH ILUVW VWaWH HQWHUHG XSRQ
 UHWXUQ WR A LV

 TKM = [(I-P22) P21]

 AV H[SOaLQHG LQ [12], WKLV H[SUHVVLRQ IRU TKM LV RbWaLQHG b\ cRQVLGHULQJ WKH VWaWHV LQ
 A WR bH abVRUbLQJ VWaWHV aQG aSSO\LQJ WKH WKHRU\ RI abVRUbLQJ cKaLQV. CRQVHTXHQWO\,
 WKH RQH-VWHS WUaQVLWLRQ SURbabLOLWLHV LQ WKH UHGXcHG cKaLQ aUH

 TNM + E TNKTKM = [POO + P12 (I-P22 P2 [SLLNM
 13K E3 L '1SE L2 ''1 NM= SLN

 IQ RWKHU ZRUGV, WKH VWRcKaVWLc cRPSOHPHQW SLL UHSUHVHQWV WKH WUaQVLWLRQ PaWUL[ IRU WKH
 UHGXcHG cKaLQ ZKLcK LV RbWaLQHG IURP WKH RULJLQaO cKaLQ b\ PaVNLQJ RXW WUaQVLWLRQV WR

 VWaWHV LQ B3.

 4. UQcRXSOLQJ MaUNRY cKaLQV. FRU aQ P-VWaWH LUUHGXcLbOH MaUNRY cKaLQ C
 ZLWK WUaQVLWLRQ PaWUL[ P, WKH RbMHcW RI XQcRXSOLQJ LV WR VRPHKRZ GHcRPSRVH WKH

 cKaLQ C LQWR WZR RU PRUH VPaOOHU cKaLQV Va\ C1,C, * ..., CN cRQWaLQLQJ UO, U2, ,UN
 VWaWHV, UHVSHcWLYHO\, ZKHUH EN UL = P. TKLV VHTXHQcH RI VPaOOHU cKaLQV LV UHTXLUHG
 WR SRVVHVV WKH IROORZLQJ SURSHUWLHV:

 * EacK VPaOOHU cKaLQ CL VKRXOG bH LUUHGXcLbOH ZKHQHYHU WKH RULJLQaO cKaLQ C LV
 LUUHGXcLbOH VR aV WR JXaUaQWHH WKaW HacK CL KaV a XQLTXH VWaWLRQaU\ GLVWULbXWLRQ
 YHcWRU VL.

 * IW VKRXOG bH SRVVLbOH WR GHWHUPLQH WKH VL'V cRPSOHWHO\ LQGHSHQGHQW RI HacK

 RWKHU. FRU PRGHUQ PXOWLSURcHVVRU cRPSXWHU aUcKLWHcWXUHV LW LV GHVLUabOH WR
 bH abOH WR H[HcXWH WKH cRPSXWaWLRQ RI WKH VL'V LQ SaUaOOHO.

 * FLQaOO\, LW PXVW bH SRVVLbOH WR HaVLO\ cRXSOH WKH VPaOOHU VWaWLRQaU\ GLVWULbXWLRQ

 YHcWRUV VL bacN WRJHWKHU LQ RUGHU WR SURGXcH WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU
 LU IRU WKH OaUJHU cKaLQ C.

 TKH SXUSRVH RI WKLV VHcWLRQ LV WR VKRZ KRZ WKH cRQcHSW RI VWRcKaVWLc cRPSOHPHQ-

 WaWLRQ caQ bH XVHG WR acKLHYH WKHVH JRaOV. AV LQ WKH SUHYLRXV VHcWLRQ, P ZLOO GHQRWH

 aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a N-OHYHO SaUWLWLRQ

 P1O P12 *-- PLN

 P21 P22 ... P2N

 PNO PN2 ... PNN!

 LQ ZKLcK aOO GLaJRQaO bORcNV PLL aUH VTXaUH, aQG WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU LU
 IRU P ZLOO bH SaUWLWLRQHG aV

 XU = ( ZU(1) 7U(2) . .. (N)

 ZKHUH WKH VL]H RI 7U(L) cRUUHVSRQGV WR WKH RUGHU RI PLL. WH NQRZ IURP WKH UHVXOWV RI
 TKHRUHP 2.3 WKaW HacK VWRcKaVWLc cRPSOHPHQW

 VLL = PZZ + P*(I -PL)OP*L

 LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[, aQG cRQVHTXHQWO\, HacK S, SRVVHVVHV a XQLTXH
 VWaWLRQaU\ GLVWULbXWLRQ YHcWRU V. TKHRUHP 2.2 VKRZV WKaW HacK L aQG OU(L) GLIIHU RQO\
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 b\ a SRVLWLYH VcaOaU PXOWLSOH VR WKaW LW LV LQGHHG SRVVLbOH WR cRPbLQH WKH VL'V ZLWK
 "cRXSOLQJ IacWRUV" ^IO -2, *, N ` LQ RUGHU WR SURGXcH

 7U = ( (1 SO 62S2 * * * (NSN)-

 HRZHYHU, WKH H[SUHVVLRQV IRU WKH cRXSOLQJ IacWRUV (L JLYHQ LQ TKHRUHP 2.2 KaYH WKH
 IRUP

 K

 AW ILUVW JOaQcH, WKLV PLJKW VHHP WR SOacH WKH LVVXH LQ a KRSHOHVV cLUcOH bHcaXVH SULRU

 NQRZOHGJH RI 7U, LQ WKH IRUP RI WKH VXPV ZKKTKI LV QHcHVVaU\ LQ RUGHU WR UHcRQVWUXcW
 LU IURP WKH VL'V. FRUWXQaWHO\, WKHUH LV aQ HOHJaQW Za\ aURXQG WKLV GLOHPPa. TKH
 IROORZLQJ WKHRUHP VKRZV WKaW WKH cRXSOLQJ IacWRUV (L aUH HaVLO\ GHWHUPLQHG ZLWKRXW
 SULRU NQRZOHGJH RI WKH 7U(L)'V WKLV ZLOO bHcRPH WKH NH\ IHaWXUH LQ WKH XQcRXSOLQJ-
 cRXSOLQJ WHcKQLTXH.

 THEOREM 4.1 (TKH cRXSOLQJ WKHRUHP). II P LV aQ P [ P LUUHGXcLbOH VWRcKaVWLc
 PaWUL[ SaUWLWLRQHG aV

 P1O P12 *.. PLN
 P21 P22 P2N

 PNO PN2 * PNN/

 ZLWK VTXaUH GLaJRQaO bORcNV, WKHQ WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P LV JLYHQ b\

 = ((SI 42S2 ... (NSN)

 ZKHUH VL LV WKH XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU WKH VWRcKaVWLc cRPSOHPHQW

 SLL= PLL + PL*J -PL) 1P*LO

 aQG ZKHUH

 = (& 61 42 * * N)

 LV WKH XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU WKH N [ N LUUHGXcLbOH VWRcKaVWLc PaWUL[
 C ZKRVH HQWULHV aUH GHILQHG b\

 cLM -VLPLMH.

 TKH PaWUL[ C LV KHUHaIWHU UHIHUUHG WR aV WKH cRXSOLQJ PaWUL[, aQG WKH VcaOaUV (L aUH
 caOOHG WKH cRXSOLQJ IacWRUV.

 PURRI. FLUVW SURYH WKaW WKH cRXSOLQJ PaWUL[ C LV VWRcKaVWLc aQG LUUHGXcLbOH. B\
 LWV GHILQLWLRQ, LW LV cOHaU WKaW C > 0. TR VHH WKaW C LV VWRcKaVWLc, XVH WKH IacW WKaW
 EN=- PLMH = H aQG ZULWH

 N N /N

 Z cL = E VLPLMH = VL P3MH = VLH = 1.
 M=O M=O \M=O
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 250 C. D. MEYER

 TR VKRZ WKaW C LV LUUHGXcLbOH, QRWH WKaW bHcaXVH PLM > 0, VL > 0, aQG H > 0, LW PXVW
 bH WKH caVH WKaW

 cLM = 0 LI aQG RQO\ LI PLM = 0.

 SLQcH P LV LUUHGXcLbOH, WKLV LPSOLHV WKaW C PXVW aOVR bH LUUHGXcLbOH RWKHUZLVH, LI C
 cRXOG bH SHUPXWHG WR a bORcN WULaQJXOaU IRUP, WKHQ VR cRXOG P. LHW

 7 = ( 7U (1) 7U (2) . .. 7U (N) )

 GHQRWH WKH SaUWLWLRQHG VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P ZKHUH WKH VL]HV RI WKH 7U(L) 'V
 cRUUHVSRQG WR WKH VL]HV RI WKH PLL'V, UHVSHcWLYHO\, aQG GHILQH ( WR bH WKH YHcWRU

 ( = (& 6,2 . N)

 ZKHUH HacK cRPSRQHQW LV GHILQHG b\

 = 7U(L)= 7U.
 K

 AccRUGLQJ WR TKHRUHP 2.2,

 (4.1) $LVL = M(L)

 aQG WKLV WRJHWKHU ZLWK WKH IacW WKaW LN= 7U(L)PLM = 7U(M) \LHOGV

 N N N \

 ((C)M = E (LcL = E-7U(L)PLMH = 7U(L) PL. H = 7U(L)H = (M.
 L=O aL=O1=

 CRQVHTXHQWO\, (C = VR WKaW ( LV a VWaWLRQaU\ YHcWRU IRU C. IW LV cOHaU WKaW ( PXVW
 aOVR bH a SURbabLOLW\ YHcWRU bHcaXVH

 N N P

 E (L = E 7U()H= EZ = 1.
 L=1 L=1 M=1

 TKHUHIRUH, VLQcH C LV LUUHGXcLbOH, ( PXVW bH WKH XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU
 IRU C, aQG WKH GHVLUHG cRQcOXVLRQ WKaW

 7U = 6S1 62S2 .. * NSN)

 IROORZV IURP (4.1). 0
 TKH UHVXOWV RI TKHRUHP 4.1 caQ bH YLHZHG aV aQ "H[acW aJJUHJaWLRQ" WHcKQLTXH.

 TKH caVH RI a WZR-OHYHO SaUWLWLRQ LV RI VSHcLaO LQWHUHVW bHcaXVH, aV WKH IROORZLQJ cRUROOaU\
 VKRZV, LW LV SaUWLcXOaUO\ HaV\ WR XQcRXSOH aQG cRXSOH WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU
 IRU WKHVH VLWXaWLRQV.

 COROLLARY 4.1. II P LV aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[ SaUWLWLRQHG aV

 S POO P12
 V P21 P22

 ZKHUH P,, aQG P22 aUH VTXaUH, WKHQ WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P LV JLYHQ
 b\
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 ZKHUH V1 aQG S2 aUH WKH XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRUV IRU WKH VWRcKaVWLc cRP-
 SOHPHQWV

 S =O = P1O + P12(I - P22)-1P21 aQG S22 = P22 + P21(I -PO) 1PO2,

 UHVSHcWLYHO\, aQG ZKHUH WKH cRXSOLQJ IacWRUV 4O aQG 62 aUH JLYHQ b\

 V2P21H V1P12H

 = VIP2H ? S2P21H aQG S2 = 1- - P2H ? V2P2OH.

 IQ WKLV cRUROOaU\, WKH cRXSOLQJ IacWRUV (L aUH GHVcULbHG LQ WHUPV RI WKH RII-GLaJRQaO
 bORcNV P12 aQG P21, bXW WKHVH TXaQWLWLHV caQ aOVR bH H[SUHVVHG XVLQJ RQO\ WKH GLaJRQaO

 bORcNV LQ P b\ UHSOacLQJ WKH WHUPV P12H aQG P21H ZLWK H - P1OH aQG H -P22H,
 UHVSHcWLYHO\, VR aV WR SURGXcH

 1 - V2P22H 1 - VOPLOH
 2- VOPLOH - S2P22H aQG 2 = 1- = 2- VPH - S2P22H

 TKHUH LV aOZa\V a baOaQcLQJ acW WR bH SHUIRUPHG ZKHQ XQcRXSOLQJ a MaUNRY cKaLQ

 XVLQJ VWRcKaVWLc cRPSOHPHQWaWLRQ aV GHVcULbHG LQ TKHRUHP 4.1. AV N LQcUHaVHV aQG WKH
 SaUWLWLRQ RI P bHcRPHV ILQHU, WKH VL]HV RI WKH VWRcKaVWLc cRPSOHPHQWV bHcRPH VPaOOHU

 WKXV PaNLQJ LW HaVLHU WR GHWHUPLQH HacK RI WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRUV VL, bXW
 WKH RUGHU RI WKH PaWUL[ LQYHUVLRQ HPbHGGHG LQ HacK VWRcKaVWLc cRPSOHPHQW bHcRPHV

 OaUJHU, aQG WKH VL]H RI WKH cRXSOLQJ PaWUL[ CN[N bHcRPHV OaUJHU. IQ WKH WZR H[WUHPH
 caVHV ZKHQ N = P RU N = 1, WKHUH LV QR XQcRXSOLQJ RI WKH cKaLQ ZKaWVRHYHU LI N = P,
 WKHQ C = P, aQG LI N = 1, WKHQ SLO = P. OQH PXVW WKHUHIRUH cKRRVH WKH SaUWLWLRQ
 ZKLcK bHVW VXLWV WKH QHHGV RI WKH XQGHUO\LQJ aSSOLcaWLRQ. FRU H[aPSOH, LI cRPSXWaWLRQ

 XWLOL]LQJ a SaUWLcXOaU PXOWLSURcHVVRU cRPSXWHU LV WKH JRaO, WKHQ WKH VSHcLILc QaWXUH RI
 WKH KaUGZaUH aQG aVVRcLaWHG VRIWZaUH Pa\ GLcWaWH WKH SaUWLWLRQLQJ VWUaWHJ\.

 RaWKHU WKaQ SHUIRUPLQJ a VLQJOH XQcRXSOLQJ-cRXSOLQJ RSHUaWLRQ WR a KLJK OHYHO
 SaUWLWLRQ RI P, aQ aOWHUQaWH VWUaWHJ\ LV WR H[HcXWH a GLYLGH-aQG-cRQTXHU SURcHGXUH

 XVLQJ RQO\ WZR-OHYHO SaUWLWLRQV aW HacK VWaJH. SWaUWLQJ ZLWK aQ LUUHGXcLbOH VWRcKaVWLc
 PaWUL[ P RI VL]H P [ P, SaUWLWLRQ P URXJKO\ LQ KaOI aV

 S_ P,, P128
 P21 P22)

 WR SURGXcH WZR VWRcKaVWLc cRPSOHPHQWV, SLO aQG S22, ZKLcK aUH HacK LUUHGXcLbOH
 VWRcKaVWLc PaWULcHV RI RUGHU aSSUR[LPaWHO\ P/2. TKH VWRcKaVWLc cRPSOHPHQWV SLO
 aQG S22 Pa\ LQ WXUQ bH SaUWLWLRQHG URXJKO\ LQ KaOI VR aV WR SURGXcH IRXU VWRcKaVWLc

 cRPSOHPHQWV Va\ (SOO)OO, (S1O)22, (S22)11, aQG (S22)22 HacK RI ZKLcK LV RI RUGHU
 aSSUR[LPaWHO\ P/4. TKLV SURcHVV caQ cRQWLQXH XQWLO aOO VWRcKaVWLc cRPSOHPHQWV aUH
 VXIILcLHQWO\ VPaOO LQ VL]H VR WKaW HacK HaVLO\ \LHOGV a VWaWLRQaU\ GLVWULbXWLRQ YHcWRU.
 TKH VPaOO VWaWLRQaU\ GLVWULbXWLRQ YHcWRUV cRUUHVSRQGLQJ WR WKH VPaOO VWRcKaVWLc cRP-
 SOHPHQWV aUH WKHQ VXccHVVLYHO\ cRXSOHG accRUGLQJ WR WKH UXOHV JLYHQ LQ CRUROOaU\ 4.1
 XQWLO WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU LU IRU WKH RULJLQaO cKaLQ LV SURGXcHG. UVLQJ
 WKLV GLYLGH-aQG-cRQTXHU VWUaWHJ\, WKHUH aUH RQO\ WZR cRXSOLQJ IacWRUV WR GHWHUPLQH aW
 HacK cRXSOLQJ VWHS, aQG WKH\ aUH aOPRVW WULYLaO WR cRPSXWH. FXUWKHUPRUH, WKH RUGHU
 RI WKH OaUJHVW LQYHUVLRQ LPbHGGHG LQ aQ\ VWRcKaVWLc cRPSOHPHQW QHYHU H[cHHGV P/2.

 FRU H[aPSOH, cRQVLGHU WKH IROORZLQJ 8 [ 8 LUUHGXcLbOH VWRcKaVWLc PaWUL[.
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 0 .5 0 .1 .2 0 .1 .1

 .2 0 .5 0 0 .2 0 .1

 .1 .2 0 .5 .1 0 .1 0

 0 .4 .2 0 .1 .1 0 .2

 .1 0 .5 0 .1 .1 0 .2

 0 .5 0 .2 .1 0 .2 0

 .5 0 .2 .1 0 .1 0 .1

 0 .2 .4 0 .2 0 .1 .1

 FRU WKH LQGLcaWHG SaUWLWLRQ, WKH VWRcKaVWLc cRPSOHPHQWV RI P aUH JLYHQ b\1

 .0899 .5566 .2329 .1205

 .2327 .1311 .5885 .0476
 S11 =

 .1665 .2194 .0986 .5155

 .0443 .5156 .4102 .0299

 aQG

 .2832 .2409 .1110 .3649

 .2576 .2395 .2819 .2210 ,

 .2511 .2823 .1329 .3337

 .3633 .1683 .2006 .2678/

 ZLWK cRXSOLQJ YHcWRU

 ((O) = (.6852 .3148).

 NRZ, WKH WZR VWRcKaVWLc cRPSOHPHQWV RI S1L aUH

 ( .1744 .8256\ aQG (S1\22= (.4278 .5722 (SOO)LL .4041 .5959, NO)2= .9056 .0944!

 ZLWK cRXSOLQJ YHcWRU

 ((1) = (.4548 .5452),

 ZKLOH WKH WZR VWRcKaVWLc cRPSOHPHQWV RI S22 aUH

 (S22)11 = .5776 .4224 aQ S22= (.3468 .6532a \5512 .4488) aQG (S22)22= (.3955 .6045

 ZLWK cRXSOLQJ YHcWRU

 4(2) = (.5219 .4781).

 1 NXPbHUV KaYH bHHQ URXQGHG VR aV WR GLVSOa\ IRXU GLJLWV bHKLQG WKH GHcLPaO SRLQW.
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 TKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU (S1L),, LV JLYHQ b\

 V(-) = ( .3286 .6714),

 aQG WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU (S11)22 LV

 V(1) = (.6128 .3872),

 VR WKaW WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU S1O LV

 S, = (a(()S(1) I 4 (O) V(O))
 = (.4548 [ ( .3286 .6714) .5452 [ ( .6128 .3872))

 =(.1495 .3054 .3341 .2111 ).

 SLPLOaUO\, WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU (S22)11 LV JLYHQ b\

 V(2) = ( .5661 .4339),

 aQG WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU (S22)22 LV

 S(2) = (.3771 .6229),

 VR WKaW WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU S22 LV

 V= (((2)S(2) (2) (2)

 =(.5219 [ ( .5661 .4339) .4781 [ ( .3771 .6229))

 =(.2955 .2264 .1803 .2978 ).

 TKHUHIRUH, WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P PXVW bH

 U= ( (O)VO (0)

 - (.6852 [ (.1495 .3054 .3341 .2111)

 .3148 [ (.2955 .2264 .1803 .2978))

 - (.1024 .2092 .2289 .1446 .0930 .0713 .0568 .0938).

 IQ aGGLWLRQ WR WKH GLYLGH-aQG-cRQTXHU SURcHVV LOOXVWUaWHG abRYH, WKHUH aUH VHYHUaO
 RWKHU YaULaWLRQV aQG K\bULG WHcKQLTXHV (H.J., LWHUaWLYH PHWKRGV) ZKLcK aUH SRVVLbOH,
 aQG LW LV cOHaU WKaW WKH UHPaUNV RI WKLV VHcWLRQ caQ VHUYH aV WKH baVLV IRU IXOO\ SaU-
 aOOHO aOJRULWKPV IRU cRPSXWLQJ WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU aQ LUUHGXcLbOH
 cKaLQ. R. B. MaWWLQJO\ KaV cRQGXcWHG VRPH GHWaLOHG H[SHULPHQWV aORQJ WKHVH OLQHV
 LQ ZKLcK KH LPSOHPHQWHG WKH GLYLGH-aQG-cRQTXHU WHcKQLTXH GHVcULbHG abRYH RQ a SH-
 TXHQW BaOaQcH 21000 a VKaUHG PHPRU\ PacKLQH ZLWK 24 WLJKWO\ cRXSOHG SURcHVVRUV.
 E[SORULQJ WKH QXPHULcaO GHWaLOV aQG LPSOHPHQWaWLRQ RI MaWWLQJO\'V ZRUN ZRXOG OHaG
 WKLV H[SRVLWLRQ WRR IaU aVWUa\, bXW WKH LQWHUHVWHG UHaGHU caQ cRQVXOW [14] RU [15]. IQ
 bULHI, MaWWLQJO\ ZaV abOH WR acKLHYH PRGHUaWH VSHHGXSV ZLWK WKH VWRcKaVWLc cRPSOH-
 PHQWaWLRQ GLYLGH-aQG-cRQTXHU WHcKQLTXH H.J., a VSHHGXS RI aSSUR[LPaWHO\ 8.5 ZLWK
 16 SURcHVVRUV ZaV RbWaLQHG. AOWKRXJK WKH RSHUaWLRQ cRXQW IRU VWUaLJKWIRUZaUG HOLP-
 LQaWLRQ LV OHVV WKaQ WKaW IRU WKH GLYLGH-aQG-cRQTXHU WHcKQLTXH, HOLPLQaWLRQ PHWKRGV
 GR QRW SaUaOOHOL]H aV ZHOO aV WKH GLYLGH-aQG-cRQTXHU WHcKQLTXH, VR, aV WKH QXPbHU RI
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 SURcHVVRUV ZaV LQcUHaVHG, WKH acWXaO UXQQLQJ WLPHV RI WKH GLYLGH-aQG-cRQTXHU WHcK-

 QLTXH ZHUH cRPSHWLWLYH ZLWK RSWLPL]HG HOLPLQaWLRQ VcKHPHV. BXW SHUKaSV HYHQ PRUH

 VLJQLILcaQW LV WKH IacW WKaW WKH GLYLGH-aQG-cRQTXHU WHcKQLTXH caQ bH H[WUHPHO\ VWabOH
 IRU LOO-cRQGLWLRQHG cKaLQV L.H., LUUHGXcLbOH VWRcKaVWLc PaWULcHV ZKLcK KaYH a cOXVWHU RI
 HLJHQYaOXHV YHU\ QHaU WKH XQLW HLJHQYaOXH. FRU MaWWLQJO\'V LOO-cRQGLWLRQHG WHVW PaWUL-
 cHV, VWaQGaUG HOLPLQaWLRQ PHWKRGV UHWXUQHG RQO\ RQH RU WZR cRUUHcW GLJLWV ZKHUHaV
 WKH GLYLGH-aQG-cRQTXHU VcKHPH baVHG RQ VWRcKaVWLc cRPSOHPHQWaWLRQ UHWXUQHG UHVXOWV
 ZKLcK ZHUH cRUUHcW WR WKH PacKLQH SUHcLVLRQ. TKLV LQ SaUW LV GXH WR WKH VSHcWUXP VSOLW-
 WLQJ HIIHcW ZKLcK VWRcKaVWLc cRPSOHPHQWaWLRQ SURYLGHV WKHVH UHVXOWV aUH GLVcXVVHG LQ
 ?6 RI WKLV H[SRVLWLRQ ZKLcK cRQcHUQV WKH VSHcWUaO SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQ-
 WaWLRQ.

 5. PULPLWLYLW\ LVVXHV. PULPLWLYLW\ LV, RI cRXUVH, aQ LPSRUWaQW LVVXH bHcaXVH IRU

 aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[ P, WKH OLPLW ILMQ 0c SN H[LVWV LI aQG RQO\ LI P LV
 SULPLWLYH. II P LV QRW SULPLWLYH, WKHQ ZH aUH QHcHVVaULO\ UHVWULcWHG WR LQYHVWLJaWLQJ
 OLPLWLQJ bHKaYLRU LQ WKH ZHaN (WKH CHVaUR) VHQVH, aQG cRQVHTXHQWO\ LW LV ZRUWKZKLOH WR
 PaNH VRPH RbVHUYaWLRQV cRQcHUQLQJ WKH GHJUHH WR ZKLcK SULPLWLYLW\ RU OacN RI LW LQ
 a SaUWLWLRQHG VWRcKaVWLc PaWUL[ P LV LQKHULWHG b\ WKH VPaOOHU VWRcKaVWLc cRPSOHPHQWV
 SLL.

 TKH ILUVW RbVHUYaWLRQ WR PaNH LV WKaW P bHLQJ a SULPLWLYH PaWUL[ LV QRW VXIILcLHQW
 WR JXaUaQWHH WKaW aOO VWRcKaVWLc cRPSOHPHQWV aUH SULPLWLYH. FRU H[aPSOH, WKH PaWUL[

 /0 1 O'

 S= 2 2

 1 0 O

 LV LUUHGXcLbOH aQG SULPLWLYH bHcaXVH P5 > 0. HRZHYHU, IRU WKH LQGLcaWHG SaUWLWLRQ, WKH
 VWRcKaVWLc cRPSOHPHQW

 LV QRW SULPLWLYH. AOWKRXJK SULPLWLYLW\ RI a VWRcKaVWLc cRPSOHPHQW LV QRW LQKHULWHG
 IURP WKH PaWUL[ P LWVHOI, WKH IROORZLQJ WKHRUHP VKRZV WKaW SULPLWLYLW\ LV LQKHULWHG
 IURP WKH GLaJRQaO bORcNV RI P.

 THEOREM 5.1. II PLL LV SULPLWLYH, WKHQ WKH cRUUHVSRQGLQJ VWRcKaVWLc cRPSOHPHQW
 SLL PXVW aOVR bH SULPLWLYH.

 PURRI. SLQcH PLL > 0 aQG PL*(I -PL)-1P*L > 0, LW IROORZV WKaW IRU HacK SRVLWLYH
 LQWHJHU Q,

 VLQL = [PLL + PL* (I - )1P*L] = PL + N

 ZKHUH N > 0. TKHUHIRUH, S'QL > 0 ZKHQHYHU P'QM > 0. [
 WKLOH VWRcKaVWLc cRPSOHPHQWV QHHG QRW bH SULPLWLYH, PRVW RI WKHP aUH. TKH QH[W

 WKHRUHP H[SOaLQV ZK\ WKRVH VWRcKaVWLc cRPSOHPHQWV ZKLcK aUH QRW SULPLWLYH PXVW
 cRPH IURP UaWKHU VSHcLaO VWRcKaVWLc PaWULcHV.

 THEOREM 5.2. II PLL KaV aW OHaVW RQH QRQ]HUR GLaJRQaO HQWU\, WKHQ WKH cRUUH-
 VSRQGLQJ VWRcKaVWLc cRPSOHPHQW SI PXVW bH SULPLWLYH.
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 PURRI. II PLL KaV aW OHaVW RQH QRQ]HUR GLaJRQaO HQWU\, WKHQ VR GRHV SLL. FXU-
 WKHUPRUH, TKHRUHPV 2.1 aQG 2.3 JXaUaQWHH WKaW HacK SLL LV aOZa\V QRQQHJaWLYH aQG
 LUUHGXcLbOH, aQG LW LV ZHOO NQRZQ [2, S. 34] WKaW aQ LUUHGXcLbOH QRQQHJaWLYH PaWUL[ ZLWK
 a SRVLWLYH WUacH PXVW bH SULPLWLYH, VR HacK SLL PXVW bH SULPLWLYH. [

 TKH cRQYHUVH RI TKHRUHP 5.1 aV ZHOO aV WKH cRQYHUVH RI TKHRUHP 5.2 LV IaOVH. TKH

 VWRcKaVWLc PaWUL[

 0 1 0 0 0 0

 D- 00 010R (5.1) 2 2
 O 00 0 1 0

 (5.1) S= 0 0 0 0 1 0
 0 00 00 1
 I0 0 O 0 ,0

 LV LUUHGXcLbOH, aQG WKH VWRcKaVWLc cRPSOHPHQWV cRUUHVSRQGLQJ WR WKH LQGLcaWHG SaUWLWLRQ

 aUH

 /0 1 O' /0 1 0

 SLO _ 2 ? 2L aQG S22=0 _ O

 NRWLcH WKaW HacK VWRcKaVWLc cRPSOHPHQW LV SULPLWLYH, bXW P, P1O, aQG P22 aUH QRW
 SULPLWLYH.

 TKH SUHcHGLQJ H[aPSOH LQGLcaWHV aQRWKHU aGYaQWaJH ZKLcK VWRcKaVWLc cRPSOHPHQ-
 WaWLRQ caQ SURYLGH. TKH PaWUL[ P LQ (5.1) LV QRW SULPLWLYH bHcaXVH LW LV WKH WUaQVLWLRQ
 PaWUL[ RI a SHULRGLc cKaLQ, aQG KHQcH WKH aVVRcLaWHG VWaWLRQaU\ GLVWULbXWLRQ YHcWRU LU
 caQQRW bH cRPSXWHG b\ WKH SRZHU PHWKRG L.H., b\ WKH VLPSOH LWHUaWLRQ

 7U,+L = LU,P ZKHUH LUR LV aUbLWUaU\.

 HRZHYHU, WKH cKaLQ XQcRXSOHV LQWR WZR aSHULRGLc cKaLQV LQ WKH VHQVH WKaW S1O aQG S22
 aUH bRWK SULPLWLYH, aQG WKHUHIRUH HacK SLL \LHOGV a VWaWLRQaU\ GLVWULbXWLRQ YHcWRU VL b\
 PHaQV RI WZR VWUaLJKWIRUZaUG LWHUaWLRQV

 V(Q+L) = V(Q)SL, aQG V(Q+L) = V(Q)S22 ZKHUH HacK V(0) LV aUbLWUaU\. a1 V1Sa 2 22V LVabWU\

 TaNH QRWH RI WKH IacW WKaW WKH WZR LWHUaWLRQV UHSUHVHQWHG KHUH aUH cRPSOHWHO\ LQGH-

 SHQGHQW RI HacK RWKHU, aQG cRQVHTXHQWO\ WKH\ caQ bH LPSOHPHQWHG VLPXOWaQHRXVO\.
 B\ XVLQJ WKH cRXSOLQJ IacWRUV GHVcULbHG LQ CRUROOaU\ 4.1, LW LV HaV\ WR cRXSOH WKH WZR

 OLPLWLQJ GLVWULbXWLRQV V, aQG S2 LQ RUGHU WR SURGXcH WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU
 LU IRU WKH OaUJHU SHULRGLc cKaLQ. WKHQ WKHVH RbVHUYaWLRQV aUH MRLQHG ZLWK WKH UHVXOWV
 RI ?6 RI WKLV H[SRVLWLRQ SHUWaLQLQJ WR WKH VSHcWUXP VSOLWWLQJ HIIHcWV ZKLcK VWRcKaVWLc
 cRPSOHPHQWaWLRQ caQ aIIRUG, LW ZLOO bHcRPH HYHQ PRUH aSSaUHQW WKaW VWRcKaVWLc cRP-
 SOHPHQWaWLRQ KaV WKH SRWHQWLaO WR bHcRPH a YaOXabOH cRPSXWaWLRQaO WHcKQLTXH IRU XVH
 ZLWK PXOWLSURcHVVRU PacKLQHV.

 6. NHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQV aQG VSHcWUaO SURSHUWLHV. CRQVLGHU

 aQ P-VWaWH LUUHGXcLbOH cKaLQ C aQG N VXbcOaVVHV QO, Q2, **, QN ZKLcK SaUWLWLRQ WKH
 VWaWH VSacH. TKH cKaLQ C aV ZHOO aV aQ aVVRcLaWHG WUaQVLWLRQ PaWUL[ LV cRQVLGHUHG WR
 bH QHaUO\ cRPSOHWHO\ UHGXcLbOH 2 ZKHQ WKH QL'V aUH RQO\ YHU\ ZHaNO\ cRXSOHG WRJHWKHU.

 2 GaQWPacKHU'V [7] WHUPLQRORJ\ "cRPSOHWHO\ UHGXcLbOH" aQG WKH aVVRcLaWHG SKUaVH "QHaUO\ cRP-
 SOHWHO\ UHGXcLbOH" aUH aGRSWHG LQ WKLV H[SRVLWLRQ. SRPH aXWKRUV XVH WKH aOWHUQaWH WHUPLQRORJ\ "QHaUO\
 cRPSOHWHO\ GHcRPSRVabOH."
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 IQ WKLV caVH, WKH VWaWHV caQ bH RUGHUHG VR aV WR PaNH WKH WUaQVLWLRQ PaWUL[ P KaYH a

 N-OHYHO SaUWLWLRQ

 P1O P12 ... PON

 P21 P22 ... P2N
 (6.1) P= . .. I

 PNO PN2 PNN/

 LQ ZKLcK WKH PaJQLWXGH RI HacK RII-GLaJRQaO bORcN PLM LV YHU\ VPaOO UHOaWLYH WR 1.
 WH bHJLQ b\ LQYHVWLJaWLQJ WKH OLPLWLQJ bHKaYLRU RI WKH cKaLQ aV WKH RII-GLaJRQaO

 bORcNV LQ (6.1) WHQG WRZaUG ]HUR. TR WKLV HQG, aOORZ WKH RII-GLaJRQaO bORcNV WR YaU\

 LQGHSHQGHQWO\, aQG aVVXPH WKH GLaJRQaO bORcN PLL LQ HacK URZ GHSHQGV cRQWLQXRXVO\ RQ
 WKH PLM'V (WKH RII-GLaJRQaO bORcNV LQ WKH cRUUHVSRQGLQJ URZ) ZKLOH aOZa\V PaLQWaLQLQJ
 WKH LUUHGXcLbOH aQG VWRcKaVWLc VWUXcWXUH RI WKH OaUJHU PaWUL[ P. TKH IROORZLQJ UHVXOW
 JLYHV aQ LQGLcaWLRQ RI ZK\ VWRcKaVWLc cRPSOHPHQWaWLRQ LV XVHIXO LQ XQGHUVWaQGLQJ WKH

 QaWXUH RI a QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQ. FRU YHcWRUV [ aQG PaWULcHV A, WKH

 QRUPV GHILQHG b\

 OO[OO = Pa[ I[LO aQG __A__OC = Pa[ OaLMI

 ZLOO bH HPSOR\HG WKURXJKRXW.

 THEOREM 6.1. II P LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a N-OHYHO SaUWLWLRQ
 aV LQGLcaWHG LQ (6.1), aQG LI

 SLL = PLL + P*(I - PL)-1P*L, L = 1,2, .* N

 aUH WKH aVVRcLaWHG VWRcKaVWLc cRPSOHPHQWV, WKHQ

 (6.2) HVLL - PLLOOH = HOPL*OO,O

 aQG

 (6.3) OLP SLL = PLL.

 MRUHRYHU, LI S LV WKH cRPSOHWHO\ UHGXcLbOH VWRcKaVWLc PaWUL[

 S11 0 . 0

 O S22 0

 0 0 ... SNN

 WKHQ

 (6.4) OLP -SO = 2 Pa[ IIPM* II..

 PURRI. LHW H GHQRWH a cROXPQ RI O'V ZKRVH VL]H LV GHWHUPLQHG b\ WKH cRQWH[W LQ
 ZKLcK LW aSSHaUV, aQG bHJLQ b\ RbVHUYLQJ WKaW aOO PaWULcHV ZKLcK aUH LQYROYHG aUH
 QRQQHJaWLYH VR WKaW

 I IPL*(-PL) \ *- P 1P = I PII(I - PI)-P*%HI% aQG HP%IKI = IOP *HH
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 SLQcH P LV VWRcKaVWLc, LW PXVW bH WKH caVH WKaW

 PLH + P*,H = H,

 ZKLcK LQ WXUQ LPSOLHV

 (I - )-'P*LH = H.

 TKHUHIRUH,

 OOSLL-PLLOO = OOPL*(I-PL)- P*LOO = OOPL*(I-PL)- P*LHOO = IOPL*HOO = IOPL*OO,

 ZKLcK LV WKH GHVLUHG cRQcOXVLRQ RI (6.2), aQG WKH VWaWHPHQW (6.3) WKaW SLL - PLL aV
 PL* 0 IROORZV. TR HVWabOLVK (6.4), XVH WKH IacW WKaW PLL - SLL < 0 LQ RUGHU WR ZULWH

 OLP-SHL = Pa[ __ (PLO PL2 ... PLL -SLL .. PLN)
 (6.5) L

 ( Pa[ HIPWLH + PL2H + *.. + (SLL - PLL)H + .+ P?NHOH,,.

 NRZ RbVHUYH WKaW P-WH + PL*H = H LPSOLHV

 (SLL - PW)H = H - PLLH = PL*H,

 aQG XVH WKLV LQ (6.5) WRJHWKHU ZLWK WKH IacW WKaW

 N

 E PLMH =P*H

 WR SURGXcH

 OP - SH = Pa[ OPLOH + + PL*H + ? + PLNHOOOH

 = Pa[ 112PL* 11 =2 Pa[ HOPL* OORR ?
 II 6 GHQRWHV WKH H[SUHVVLRQ

 6 = 2Pa[HOPL* II.,

 WKHQ LW LV cOHaU WKaW 0 < 6 < 2, aQG P LV cRPSOHWHO\ UHGXcLbOH LI aQG RQO\ LI 6 = 0.
 TKLV WRJHWKHU ZLWK WKH UHVXOW (6.4) PRWLYaWHV WKH IROORZLQJ WHUPLQRORJ\.

 DEFINITION 6.1. FRU aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a N-OHYHO SaU-
 WLWLRQ

 P1O P12 ... PLN
 P21 P22 ... P2N

 PNO PN2 PNNI

 WKH QXPbHU

 6 = 2Pa[ HOPL* II,,

 LV caOOHG WKH GHYLaWLRQ IURP cRPSOHWH UHGXcLbLOLW\.
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 IW LV ZRUWKZKLOH WR H[SORUH WKH VSHcWUaO SURSHUWLHV RI VWRcKaVWLc cRPSOHPHQWaWLRQ

 aV WKH GHYLaWLRQ IURP cRPSOHWH UHGXcLbLOLW\ WHQGV WRZaUG 0. II P LV QHaUO\ cRPSOHWHO\

 UHGXcLbOH, WKHQ HacK PLL LV QHaUO\ VWRcKaVWLc (LQ SaUWLcXOaU, TKHRUHP 6.1 JXaUaQWHHV
 PLL SLL), aQG cRQWLQXLW\ RI WKH HLJHQYaOXHV LQVXUHV WKaW P PXVW QHcHVVaULO\ KaYH aW
 OHaVW N-I QRQXQLW HLJHQYaOXHV cOXVWHUHG QHaU WKH VLPSOH HLJHQYaOXH A = 1. TKLV PHaQV

 WKaW P LV QHcHVVaULO\ baGO\ cRQGLWLRQHG LQ WKH VHQVH WKaW LI WKH VHTXHQcH ^PQ`QL1 cRQ-
 YHUJHV, WKHQ LW PXVW cRQYHUJH YHU\ VORZO\. FRU WKH WLPH bHLQJ, VXSSRVH P KaV H[acWO\

 N - 1 QRQXQLW HLJHQYaOXHV cOXVWHUHG QHaU A = 1. SLQcH HacK VWRcKaVWLc cRPSOHPHQW

 SLL LV aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[, WKH PHUURQ-FURbHQLXV WKHRUHP JXaUaQWHHV WKaW
 WKH XQLW HLJHQYaOXH RI HacK SLL LV VLPSOH. B\ YLUWXH RI TKHRUHP 6.1 aQG cRQWLQXLW\ RI
 WKH HLJHQYaOXHV, LW IROORZV WKaW WKH QRQXQLW HLJHQYaOXHV RI HacK SLL PXVW QHcHVVaULO\
 bH UaWKHU IaU UHPRYHG IURP WKH XQLW HLJHQYaOXH RI SLL RWKHUZLVH WKH VSHcWUXP a(P)
 RI P ZRXOG cRQWaLQ a cOXVWHU RI aW OHaVW N QRQXQLW HLJHQYaOXHV SRVLWLRQHG QHaU A = 1.

 IQ RWKHU ZRUGV, P -* S aV 6 -O 0, aQG WKH cOXVWHU cRQVLVWLQJ RI WKH N - 1 QRQXQLW
 HLJHQYaOXHV WRJHWKHU ZLWK A = 1 LWVHOI LQ a(P) PXVW "VSOLW" aQG PaS WR WKH N XQLW

 HLJHQYaOXHV LQ R(S) RQH XQLW HLJHQYaOXH LQ HacK a(SLL). TKLV VSOLWWLQJ HIIHcW LV SLcWR-
 ULaOO\ LOOXVWUaWHG bHORZ LQ FLJ. 1 IRU a 12 [ 12 PaWUL[ ZLWK WKH WKUHH-OHYHO SaUWLWLRQ

 POO P12 P13) SaO 0 S 2
 P= _P21 P22 P23 aQG S= _ S22

 P31 P32 P33 \ O S33

 1a (P)

 , (S11) C' S22) < (S33)

 FIG. 1

 TKH cRQcOXVLRQ WR bH GHULYHG IURP WKLV GLVcXVVLRQ LV VXPPaUL]HG LQ WKH IROORZLQJ

 VWaWHPHQW.

 THEOREM 6.2. II WKH XQGHUO\LQJ WUaQVLWLRQ PaWUL[

 P1O P12 ... PON'

 P21 P22 ... P2N

 PNO PN2 * PNN/

 RI a QHaUO\ cRPSOHWHO\ UHGXcLbOH MaUNRY cKaLQ KaV H[acWO\ N - 1 QRQXQLW HLJHQYaOXHV
 cOXVWHUHG QHaU A = 1, WKHQ WKH SURcHVV RI XQcRXSOLQJ WKH cKaLQ LQWR N VPaOOHU cKaLQV b\
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 XVLQJ WKH PHWKRG RI VWRcKaVWLc cRPSOHPHQWaWLRQ IRUcHV WKH VSHcWUXP RI P WR QaWXUaOO\

 VSOLW aSaUW VR WKaW HacK RI WKH VPaOOHU cKaLQV KaV a ZHOO-cRQGLWLRQHG WUaQVLWLRQ PaWUL[

 SLL LQ WKH VHQVH WKaW HacK SLL KaV QR HLJHQYaOXHV QHaU LWV XQLW HLJHQYaOXH.
 WKHQ WKH VWaWHV LQ a QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQ aUH QaWXUaOO\ RUGHUHG,

 aQG ZKHQ WKH WUaQVLWLRQ PaWUL[ P LV SaUWLWLRQHG LQ WKH QaWXUaO Za\ accRUGLQJ WR WKH

 cORVHO\ cRXSOHG VXbcOaVVHV, WKHQ WKH GHVLUabOH VSHcWUXP VSOLWWLQJ HIIHcW GHVcULbHG abRYH
 aOPRVW aOZa\V RccXUV. HRZHYHU, WKHUH aUH SaWKRORJLcaO caVHV ZKHQ WKLV HIIHcW LV QRW

 acKLHYHG. II, IRU a N-OHYHO SaUWLWLRQ RI P, WKH VSHcWUXP a(P) cRQWaLQV PRUH WKaQ N - 1

 QRQXQLW HLJHQYaOXHV cOXVWHUHG QHaU A = 1, WKHQ cRQWLQXLW\ GLcWaWHV WKaW VRPH SLL PXVW
 QHcHVVaULO\ KaYH a QRQXQLW HLJHQYaOXH QHaU LWV XQLW HLJHQYaOXH. TKLV caQ RccXU HYHQ

 IRU QaWXUaOO\ SaUWLWLRQHG PaWULcHV. FRU H[aPSOH, cRQVLGHU

 S (P1O P12
 P21 P22 /

 LQ ZKLcK bRWK P12 aQG P21 aUH H[WUHPHO\ VPaOO LQ PaJQLWXGH, aQG aVVXPH QHLWKHU

 P11 QRU P22 aUH QHaUO\ cRPSOHWHO\ UHGXcLbOH. FXUWKHUPRUH, VXSSRVH WKaW PXO LV a YHU\
 VPaOO SHUWXUbaWLRQ RI

 0 1 0 ... O

 O 0 1 ... O

 CQ[Q = ::: *

 01 0 0 I-O

 ZKHUH Q LV TXLWH OaUJH. SLQcH a(C) cRQVLVWV RI WKH QWK URRWV RI XQLW\

 W)K - H(27UL/Q)K, K -

 LW LV cOHaU WKaW Z1 = H27UL/Q PXVW bH YHU\ cORVH WR Z0 = 1 ZKHQHYHU Q LV OaUJH. TKHUHIRUH,

 P1O PXVW KaYH a QRQXQLW HLJHQYaOXH QHaU A = 1 aQG, b\ YLUWXH RI TKHRUHP 6.1, WKH
 VaPH PXVW KROG IRU S1O WKHUHb\ PaNLQJ SLO baGO\ cRQGLWLRQHG. NHHGOHVV WR Va\,
 SaWKRORJLcaO caVHV RI WKLV QaWXUH aUH UaUH LQ SUacWLcaO ZRUN.

 AV LOOXVWUaWHG ZLWK WKH PaWUL[ JLYHQ LQ (5.1), LW LV SRVVLbOH IRU VWRcKaVWLc cRPSOH-
 PHQWaWLRQ WR XQcRXSOH a SHULRGLc cKaLQ LQWR WZR aSHULRGLc cKaLQV, WKHUHb\ aOORZLQJ WKH

 VWUaLJKWIRUZaUG SRZHU PHWKRG WR bH XVHG ZKHUH LW RUGLQaULO\ ZRXOG QRW bH aSSOLcabOH.
 A VLPLOaU VLWXaWLRQ caQ KROG IRU QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQV. TKH VWaQGaUG
 SRZHU PHWKRG

 (6.6) U[Q+O = LUQP ZKHUH LUR LV aUbLWUaU\

 aSSOLHG WR WKH WUaQVLWLRQ PaWUL[ P RI aQ aSHULRGLc cKaLQ ZKLcK LV QHaUO\ cRPSOHWHO\

 UHGXcLbOH ZLOO IaLO QRW LQ WKHRU\, bXW LQ SUacWLcH bHcaXVH WKH H[LVWHQcH RI HLJHQYaOXHV

 RI P ZKLcK aUH QHaU A = 1 caXVHV (6.6) WR cRQYHUJH WRR VORZO\. HRZHYHU, LI WKH cKaLQ
 LV QRW SaWKRORJLcaO LQ QaWXUH (L.H., LI P GRHV QRW KaYH PRUH WKaQ N - 1 HLJHQYaOXHV QHaU
 A = 1), WKHQ WKH VSHcWUXP VSOLWWLQJ HIIHcW GHVcULbHG HaUOLHU LQVXUHV WKaW HacK RI WKH N
 VHTXHQcHV

 (6.7) = (Q) ZKHUH V(0) LV aUbLWUaU L = 1,2... N
 ZLOO H[KLbLW UaSLG cRQYHUJHQcH. RHcaOO IURP TKHRUHPV 5.1 aQG 5.2 WKaW WKH LWK VHTXHQcH

 LQ (6.7) cRQYHUJHV LI aQG RQO\ LI PLL LV SULPLWLYH, aQG WKLV LV JXaUaQWHHG LI PLL KaV aW
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 OHaVW RQH QRQ]HUR GLaJRQaO HQWU\. AJaLQ WaNH QRWH RI WKH IacW WKaW WKHVH N VHTXHQcHV

 LQ (6.7) aUH cRPSOHWHO\ LQGHSHQGHQW RI HacK RWKHU, VR HacK LWHUaWLRQ caQ bH H[HcXWHG

 LQ SaUaOOHO aIWHU ZKLcK WKH OLPLWLQJ YHcWRUV

 SL= OLP V(Q)
 Q,RR

 aUH HaVLO\ cRXSOHG accRUGLQJ WR WKH UXOHV RI TKHRUHP 4.1 LQ RUGHU WR SURGXcH WKH
 VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU P aV

 X = ((OSO 42S2 .. * NSN)-

 7. TKH SLPRQ-AQGR WKHRU\ IRU QHaUO\ cRPSOHWHO\ UHGXcLbOH V\VWHPV.

 SLPRQ aQG AQGR [18] SURYLGHG WKH cOaVVLcaO WKHRU\ IRU QHaUO\ cRPSOHWHO\ UHGXcLbOH
 V\VWHPV, aQG CRXUWRLV [3] (aORQJ ZLWK RWKHUV ZKR IROORZHG KLV SLRQHHULQJ ZRUN) aSSOLHG
 WKH WKHRU\ aQG KHOSHG GHYHORS QXPHULcaO aVSHcWV aVVRcLaWHG ZLWK TXHXHLQJ QHWZRUNV.
 TKH cRQWULbXWLRQ RI SLPRQ aQG AQGR [18] ZaV WR SURYLGH PaWKHPaWLcaO aUJXPHQWV
 IRU ZKaW KaG SUHYLRXVO\ bHHQ a UaWKHU KHXULVWLc WKHRU\ cRQcHUQLQJ QHaUO\ cRPSOHWHO\

 UHGXcLbOH V\VWHPV. TKH PaMRU cRQcOXVLRQ RI WKLV WKHRU\ LV WKaW LI WKH RII-GLaJRQaO

 bORcNV PLM LQ WKH WUaQVLWLRQ PaWUL[

 PO1 P12 ... PON

 P21 P22 - P2N

 PNO PN2 ... PNN

 RI a ILQLWH aSHULRGLc cKaLQ KaYH VXIILcLHQWO\ VPaOO PaJQLWXGHV, WKHQ cORVHO\ cRXSOHG

 VXbcOaVVHV aVVRcLaWHG ZLWK WKH GLaJRQaO bORcNV PLL PXVW HacK WHQG WRZaUG a ORcaO
 HTXLOLbULXP ORQJ bHIRUH a JORbaO HTXLOLbULXP IRU WKH HQWLUH V\VWHP LV aWWaLQHG. IQ

 WKH VKRUW UXQ, WKH cKaLQ bHKaYHV aV WKRXJK LW ZHUH cRPSOHWHO\ UHGXcLbOH ZLWK HacK

 VXbcOaVV WHQGLQJ WRZaUG a ORcaO HTXLOLbULXP LQGHSHQGHQW RI WKH HYROXWLRQ LQ RWKHU

 VXbcOaVVHV. AIWHU WKLV VKRUW-UXQ VWabLOL]aWLRQ, WKH ORcaO HTXLOLbULa aUH aSSUR[LPaWHO\
 PaLQWaLQHG-LQ a UHOaWLYH VHQVH ZLWKLQ HacK VXbcOaVV ZKLOH WKH HQWLUH cKaLQ HYROYHV

 WRZaUG LWV JORbaO HTXLOLbULXP. TKH aSSURacK aQG VXbVWaQcH RI WKH WKHRUHPV RI SLPRQ

 aQG AQGR KaYH bHcRPH accHSWHG aV WKH WKHRUHWLcaO baVLV IRU aJJUHJaWLRQ WHcKQLTXHV
 aQG aOJRULWKPV.

 AOWKRXJK WKH cRQcOXVLRQV RI SLPRQ aQG AQGR [18] aUH H[WUHPHO\ LPSRUWaQW, WKHLU
 PaWKHPaWLcaO GHYHORSPHQW XWLOL]HV VRPH UaWKHU cXPbHUVRPH QRWaWLRQ aQG SURRIV. AW

 WLPHV, WKH aUJXPHQWV aUH GLIILcXOW WR aSSUHcLaWH, aQG WKH\ GR QRW IXOO\ LOOXPLQaWH
 WKH baVLc XQGHUO\LQJ PHcKaQLVPV. TKLV LV cRUURbRUaWHG b\ WKH IacW WKaW aOWKRXJK WKH

 cRQcOXVLRQV RI WKH SLPRQ-AQGR WKHRU\ aUH IXQGaPHQWaO WR WKH GHYHORSPHQW RI PaWHULaO
 LQ KLV WH[W, CRXUWRLV [3] cKRRVHV WR RPLW WKH SLPRQ-AQGR SURRIV RQ WKH JURXQGV WKaW
 WKH\ KaYH "OLWWOH UHOHYaQcH" WR VXbVHTXHQW GHYHORSPHQWV.

 TKH SXUSRVH RI WKH OaWWHU SRUWLRQ RI WKLV H[SRVLWLRQ LV WR aSSO\ WKH cRQcHSW RI

 VWRcKaVWLc cRPSOHPHQWaWLRQ LQ RUGHU WR GHYHORS WKH WKHRU\ IRU QHaUO\ cRPSOHWHO\ UH-

 GXcLbOH V\VWHPV LQ a XQLILHG, cOHaU, aQG VLPSOH PaQQHU ZKLOH VLPXOWaQHRXVO\ VKaUSHQLQJ
 VRPH UHVXOWV aQG JHQHUaOL]LQJ RWKHUV. TKH GLVcXVVLRQ LV GLYLGHG LQWR WKUHH SaUWV WKH
 VKRUW-UXQ G\QaPLcV, WKH PLGGOH-UXQ G\QaPLcV, aQG WKH ORQJ-UXQ G\QaPLcV.

 8. SKRUW-UXQ G\QaPLcV. TKH RbMHcW RI WKH VKRUW-UXQ aQaO\VLV LV WR H[aPLQH WKH
 bHKaYLRU RI WKH GLVWULbXWLRQ

 -= U0PQ ZKHUH UO LV aUbLWUaU\,
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 IRU VPaOOHU YaOXHV RI Q. TKH IROORZLQJ WKHRUHP SURYLGHV WKH baVLV IRU GRLQJ WKLV.
 THEOREM 8.1. FRU aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a N-OHYHO SaUWL-

 WLRQ

 P1O P12 ... PON'

 P21 P22 ... P2N

 PNO PN2 PNN /

 OHW S bH WKH cRPSOHWHO\ UHGXcLbOH VWRcKaVWLc PaWUL[

 O S22 S.. L

 0 O 0 SNN

 aQG aVVXPH WKaW HacK VWRcKaVWLc cRPSOHPHQW SLL LV SULPLWLYH.3 LHW WKH HLJHQYaOXHV RI
 SP[P bH RUGHUHG aV

 A1 = A2 = = AN = I > AN+1I > MAN+21 > ... > APO
 aQG aVVXPH WKaW S LV VLPLOaU WR a GLaJRQaO PaWUL[ 4

 ]1V]= (INN D) ZKHUH D=( )

 II S? GHQRWHV WKH OLPLW

 HV, 0 *-
 (0 HV2 ... 0

 Q-RR : : *

 K0 0 HSN

 ZKHUH VL LV WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU SLL, WKHQ

 (8.1) LPTQ _ S,11. < Qb + /I_AN+1 IQ
 ZKHUH 6 LV WKH GHYLaWLRQ IURP cRPSOHWH UHGXcLbLOLW\ aV GHILQHG LQ DHILQLWLRQ 6.1, aQG
 ZKHUH V LV WKH cRQVWaQW

 K = II]IIJI]-1IIR.
 MRUHRYHU, LI WKH (URZ) YHcWRU QRUP GHILQHG b\ OOUOO1 = EL ULO LV XVHG, WKHQ IRU HYHU\

 = 1, 2,, WKH GLIIHUHQcH bHWZHHQ LUQ aQG WKH OLPLW

 V = OLP LURSQ
 Q-RR

 caQ bH PHaVXUHG b\

 (8.2) __Q - SO < Qb + KIAN+1IQ.

 3 TKH SULPLWLYLW\ aVVXPSWLRQ LV LQcOXGHG KHUH IRU cOaULW\ RI H[SRVLWLRQ bHcaXVH LW LQVXUHV WKaW
 OLPLWV H[LVW LQ WKH VWURQJ VHQVH. AOWKRXJK TKHRUHPV 5.1 aQG 5.2 VKRZ WKaW aOPRVW aOO VWRcKaVWLc

 cRPSOHPHQWV aUH SULPLWLYH, LW ZLOO OaWHU bH aUJXHG WKaW SULPLWLYLW\ LV QRW QHHGHG WR UHacK WKH VaPH

 JHQHUaO cRQcOXVLRQV RI WKLV WKHRUHP.

 4 TKLV aVVXPSWLRQ LV aOVR IRU cOaULW\ RI H[SRVLWLRQ LW ZLOO OaWHU bH LQGLcaWHG KRZ WKH UHVXOWV RI
 WKLV WKHRUHP caQ bH SUHVHUYHG ZLWKRXW WKLV GLaJRQaOL]abLOLW\ aVVXPSWLRQ.
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 PURRI. BHJLQ b\ RbVHUYLQJ WKaW WKH LGHQWLW\

 PQ -SQ = SQ-1(P _ S) + SQ-2(P _ S)P + + S(P - S)PQ- + (P -S)P

 LV YaOLG IRU aOO Q = 1, 2,*-. UVH WKLV WRJHWKHU ZLWK (6.4) aQG WKH IacW WKaW

 OILS,1= 11S0 = 1 IRU HYHU\ M

 LQ RUGHU WR cRQcOXGH WKaW

 (8.3) -_SQ -_ SQO < Q6.

 B\ ZULWLQJ

 VQ = 0 1 )]L aQG OLP SQ = Z I 0 ]-1

 LW LV cOHaU WKaW

 VQ_-SRR?= Z(? ? Z-1

 TaNLQJ QRUPV SURGXcHV

 (8.4) LLVQ - SRROO0 < IIZIIIAN+OIQOIIZ111 = WOAN+O Q.

 NRZ XVH (8.4) WRJHWKHU ZLWK (8.3) WR ZULWH

 OQ-SRROO,, = OOSQ_SQ+SQ+-SROO < OOSQ-SQOO +IOSQ_-SOO < Qb+KIA IQ,

 ZKLcK LV WKH GHVLUHG cRQcOXVLRQ (8.1). TKH VHcRQG cRQcOXVLRQ (8.2) IROORZV b\ QRWLQJ
 WKaW WKH LQHTXaOLW\ IOUAOO ? IIUII1IIAIIK KROGV IRU URZ YHcWRUV U aQG VTXaUH PaWULcHV
 A VR WKaW

 II7UQ - V11 = I1UR(PQ - SRR)IIO < _PO - S _I < Q6 + IOAN+O IQ. ?

 TKH UHVXOWV RI TKHRUHP 8.1 PRWLYaWH WKH IROORZLQJ GHILQLWLRQ.
 DEFINITION 8.1. FRU HacK H > 0, WKHUH LV aQ aVVRcLaWHG VKRUW-UXQ VWabLOL]aWLRQ

 LQWHUYaO T(E) ZKLcK LV GHILQHG WR bH WKH VHW

 (c)= SQ OSQ - S,IRR 0<

 TKH VHW

 E(H) = ^Q _bQ + I_OAN+O I' < `

 LV UHIHUUHG WR aV WKH HVWLPaWHG VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO, aQG WKH IXQcWLRQ
 GHILQHG b\

 I([) = b[ + KIAN+1 I[

 LV caOOHG WKH HVWLPaWLQJ IXQcWLRQ. NRWLcH WKaW TKHRUHP 8.1 LQVXUHV E(H) C T(-).
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 E[aPLQLQJ WKH cKaUacWHULVWLcV RI WKH JUaSK RI WKH HVWLPaWLQJ IXQcWLRQ I([) SUR-
 YLGHV aQ LQGLcaWLRQ RI WKH QaWXUH RI WKH VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO 1(H). RHIHU
 WR FLJ. 2 aQG QRWLcH WKaW aV ORQJ aV H LV JUHaWHU WKaQ WKH PLQLPXP YaOXH RI I, ZKLcK
 RccXUV aW

 P OQ (IQMAN+O)

 XPLQ - OQIAN+11 I

 WKH HVWLPaWHG VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO E(H) LV QRQHPSW\. BHcaXVH I([) LV
 aV\PSWRWLc WR WKH OLQH \ = 6[, WKH OHQJWK RI WKH LQWHUYaO E(H) LQcUHaVHV aV 6 - 0,

 L.H., E(H) JURZV aV WKH PLM'V-* 0 LQ WKH XQGHUO\LQJ SaUWLWLRQHG PaWUL[ P.

 \ = I([) = a[ + KIXN+1 I[

 *-- - _I -

 \SW

 E(E)

 FIG. 2

 TR aSSUHcLaWH WKH UHOaWLRQVKLS bHWZHHQ WKH VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO 1(H)
 aQG LWV HVWLPaWH E(H), cRQVLGHU WKH IROORZLQJ H[aPSOH LQ ZKLcK P LV WKH QHaUO\ cRP-

 SOHWHO\ UHGXcLbOH PaWUL[

 .6999 .3000 .0001 0

 .2000 .7996 0 .0004
 (8.5) P= .0003 0 .7997 .2000

 \0 .0007 .1000 .8993/

 LHW J(Q) bH WKH IXQcWLRQ GHILQHG b\

 J(Q) = IIP' - S1?

 aQG OHW I (Q) bH WKH HVWLPaWLQJ IXQcWLRQ

 I(Q) = EQ + VIAN?1I L.
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 FRU WKH PaWUL[ (8.5), 6 = .0014, K = 8.657, aQG AN+1 = .6996 (URXQGHG WR IRXU
 VLJQLILcaQW GLJLWV). TKH JUaSK RI J(Q), VKRZQ LQ FLJ. 3, LOOXVWUaWHV KRZ UaSLGO\ SRZHUV
 RI P LQLWLaOO\ aSSURacK WKH PaWUL[ S? aQG WKHQ KRZ PW JUaGXaOO\ SXOOV aZa\ IURP
 S0.

 03

 .

 02

 U

 I(Q) J(Q)

 0 1

 004

 00 - . . . . . .

 0 10 20 30 40 50

 FIG. 3

 FRU WKLV H[aPSOH (ZKLcK LV QRW SaWKRORJLcaO), WKH JUaSKV LQ FLJ. 3 VKRZ WKaW WKH
 HVWLPaWLQJ IXQcWLRQ I (Q) JLYHV a JRRG LQGLcaWLRQ RI WKH HYROXWLRQ RI WKH SURcHVV LQ WKH
 VHQVH WKaW I (Q) LV HVVHQWLaOO\ SaUaOOHO ZLWK J(Q). TKaW LV, I (Q) GHcUHaVHV, VWabLOL]HV, aQG
 WKHQ LQcUHaVHV PRUH RU OHVV LQ cRQcHUW ZLWK J(Q). AOWKRXJK QHcHVVaULO\ cRQVHUYaWLYH,
 WKH HVWLPaWLQJ IXQcWLRQ I (Q) LV QRW RYHUO\ SHVVLPLVWLc LQ HVWLPaWLQJ WKH OHQJWK RI WKH
 VKRUW-UXQ VWabLOL]aWLRQ SHULRG. FRU H[aPSOH, LI H LV WaNHQ WR bH H = .04, WKHQ aV
 GHSLcWHG LQ FLJ. 3 WKH aVVRcLaWHG VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO LV

 I(.04) = [11,35]

 ZKLOH WKH HVWLPaWHG VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO LV

 E(.04) = [18,28].

 COROLLARY 8.1. II, IRU a JLYHQ H > 0, Q OLHV LQ WKH LQWHUYaO GHILQHG b\

 OQ 6/26a 6
 (8.6) OQ 2AN?I < QK< -E

 WKHQ

 IPSQ - SR_ <6

 aQG IRU HYHU\ 7UR,

 __Q - S__ K 6.
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 MRUH SUHcLVHO\,

 ^ IQ E/2U, 6
 ^Q_11W_AW Q < ` C E(H) C 1(H).

 IQ IAN?!I 2& J -

 PURRI. TKH IacW WKaW IAN+1 1 < 1 PHaQV IQ IAN+1 1 < 0 VR WKaW WKH OHIW-KaQG LQHTXaO-
 LW\ LQ (8.6) LPSOLHV

 OQ IAN+1 I' < IQ 6/2c,,

 aQG KHQcH VcMAN+11T < K/2. SLPLOaUO\, WKH ULJKW-KaQG LQHTXaOLW\ LQ (8.6) Va\V WKaW
 Q& < 6/2, aQG WKH GHVLUHG cRQcOXVLRQV IROORZ IURP TKHRUHP 8.1. 0

 TR XQGHUVWaQG WKH VLJQLILcaQcH RI a VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO, VXSSRVH WKHUH

 aUH PL VWaWHV LQ WKH LWK VXbcOaVV QL (L.H., PLL LV PL [ PL), aQG RbVHUYH WKaW LI V, LV WKH
 VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU SLL, WKHQ IRU aQ LQLWLaO GLVWULbXWLRQ L70 SaUWLWLRQHG
 aV

 OUR = ('7UO) 7(2) IU(N)) ? ( 0 T0 * 0)

 LQ ZKLcK -[L) cRQWaLQV PL cRPSRQHQWV, WKH OLPLWLQJ GLVWULbXWLRQ V LV JLYHQ b\

 CHV, 0 *-
 O HV2 ... 0

 S = IUR S = : : *. : =(VOSO V2S2 .. VNSN)

 R O HSN'

 ZKHUH WKH cRHIILcLHQW YL aVVRcLaWHG ZLWK WKH LWK VXbcOaVV LV JLYHQ b\

 VL= ULH = 7(L

 K= 1

 SXSSRVH WKaW Q bHORQJV WR a VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO I(H). RRXJKO\ VSHaNLQJ,
 WKLV PHaQV WKaW Q VLPXOWaQHRXVO\ VaWLVILHV WKH WZR cRQGLWLRQV

 (8.7) IAN+1IQ << 1 aQG Q << K ,

 aQG IRU VXcK YaOXHV RI Q, TKHRUHP 8.1 JXaUaQWHHV WKaW

 UQ ' S = ( VOSO V2S2 *** VNSN)

 ZKHUH WKH YL'V aUH cRQVWaQW WKH\ GHSHQG RQO\ RQ L70. TKHUHIRUH, HacK cORVHO\ cRXSOHG
 VXbcOaVV QL ZLOO aSSUR[LPaWHO\ bH LQ a ORcaO HTXLOLbULXP ZKLcK LV GHILQHG b\ WKH
 VWaWLRQaU\ GLVWULbXWLRQ YHcWRU VL aV ORQJ aV Q VaWLVILHV (8.7).

 IQ RWKHU ZRUGV, WKH cKaLQ LQLWLaOO\ HYROYHV LQ VXcK a Za\ WKaW HacK cORVHO\ cRXSOHG
 VXbcOaVV bHJLQV WR aSSURacK a VKRUW-UXQ HTXLOLbULXP GHILQHG b\ WKH VL'V cRPSOHWHO\
 LQGHSHQGHQW RI WKH HYROXWLRQ LQ aOO RWKHU VXbcOaVVHV. AV WKH cKaLQ cRQWLQXHV WR

 HYROYH, WKHUH ZLOO H[LVW a SHULRG (WKH VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO I) LQ ZKLcK HacK
 VXbcOaVV aQG KHQcH WKH HQWLUH cKaLQ LV aSSUR[LPaWHO\ VWabOH. AV WLPH SURcHHGV bH-
 \RQG I, WKH cKaLQ ZLOO PRYH aZa\ IURP V, WKH aSSUR[LPaWH SRLQW RI VKRUW-UXQ VWabLOLW\,
 aQG LW ZLOO HYROYH aORQJ a SaWK HQ URXWH WRZaUG JORbaO VWabLOLW\.
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 TKH H[LVWHQcH RI aQ aSSUR[LPaWH VKRUW-UXQ ORcaO HTXLOLbULXP LV a PaMRU cRQcOXVLRQ

 RI WKH cOaVVLcaO SLPRQ-AQGR WKHRU\, bXW WKH GHVcULSWLRQ RI WKH VKRUW-UXQ VWabLOL]aWLRQ
 LQWHUYaO aQG WKH HVWLPaWH JLYHQ LQ DHILQLWLRQ 8.1 RU (8.7) LV QHZ. TKH IacW WKaW WKH

 aSSUR[LPaWH VKRUW-UXQ ORcaO HTXLOLbULXP caQ bH GHVcULbHG b\ WKH VWaWLRQaU\ GLVWULbX-
 WLRQ YHcWRUV RI WKH LQGLYLGXaO VWRcKaVWLc cRPSOHPHQWV aOVR aSSHaUV WR bH QHZ. TKH
 SUHcHGLQJ UHPaUNV aUH IRUPaOO\ VXPPaUL]HG LQ WKH IROORZLQJ WKHRUHP.

 THEOREM 8.2 (SKRUW-UXQ G\QaPLcV). FRU aQU LUUHGXcLbOH VWRcKaVWLc PaWUL[ ZLWK a
 N-OHYHO SaUWLWLRQ

 P1O P12 PON

 P21 P22 .*. P2N

 PNO PN2 ... PNN

 LQ ZKLcK WKH VWRcKaVWLc cRPSOHPHQWV (SLL)P [, P aUH HacK SULPLWLYH aQG GLaJRQaOL]abOH,
 OHW

 0 U((1) 7(2) 7(aN)) 00 ( 0R X X

 bH aQ aUbLWUaU\ LQLWLaO GLVWULbXWLRQ, aQG OHW

 IAN+1O = Pa[ JAO A E U R(SLL)
 A 54 1 a L=1

 II WKH PaJQLWXGHV RI WKH RII-GLaJRQaO bORcNV PLM aUH VPaOO HQRXJK WR JXaUaQWHH WKH
 H[LVWHQcH RI YaOXHV RI Q VXcK WKaW

 (8.8) IAN+1?Q << 1 aQG Q <<

 WKHQ aV ORQJ aV Q VaWLVILHV (8.8), LW PXVW bH WKH caVH WKaW

 SRR 0 ... 0 *HV, 0 ... *
 SQSRR 0 =10 HV2 ... 0

 O 0 ... S ?0 0 HSNJ

 aQG

 Q = TOPQ ( S1 Y2S2 ... VNSN)

 ZKHUH VL LV WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU SLL, aQG ZKHUH

 VL= 7()H = UL

 K=1

 BHIRUH WXUQLQJ WR WKH PLGGOH-UXQ aQG ORQJ-UXQ G\QaPLcV, RbVHUYH WKaW WKH aVVXPS-
 WLRQ RI TKHRUHPV 8.1 aQG 8.2 WKaW S LV GLaJRQaOL]abOH LV QRW QHcHVVaU\ LW PHUHO\ PaNHV
 WKH cRQcOXVLRQV HaVLHU WR JUaVS. IQ WKH PRUH JHQHUaO caVH, WKHUH H[LVWV a QRQVLQJXOaU
 PaWUL[ Z VXcK WKaW
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 ZKHUH J LV LQ JRUGaQ caQRQLcaO IRUP, aQG WKH VSHcWUaO UaGLXV RI J LV S(J) = OAN+?1. IW
 LV ZHOO NQRZQ (VHH [19] RU [11]) WKaW IRU HYHU\ VTXaUH PaWUL[ A aQG HacK H > 0, WKHUH
 H[LVWV a PaWUL[ QRUP 1 VXcK WKaW

 S(A) < IO A III < S(A) +,E

 COHaUO\, WKLV QRUP caQ bH PaGH WR bH PHaQLQJIXO IRU URZ YHcWRUV U VLPSO\ b\ cRQcaWH-
 QaWLQJ HQRXJK ]HUR URZV WR U VR aV WR ILOO RXW a VTXaUH PaWUL[. TKLV PHaQV WKaW IRU
 HYHU\ Q aQG IRU HacK H > 0, WKHUH LV a QRUP 111-111 VXcK WKaW

 IAN+?1I' < ?IIIJOO < IAN+1 I + 6H

 aQG (8.2) caQ bH UHSOacHG b\

 (8.9) III_UQ - VLOO < Q& + C (IAN+1 IQ + 6)

 ZKHUH U, = III7URZIII IIIZ-1111. AOWKRXJK WKH aQaO\VLV LV PRUH LQYROYHG, (8.9) XVHG LQ SOacH
 RI (8.2) OHaGV WR WKH VaPH JHQHUaO cRQcOXVLRQV JLYHQ LQ TKHRUHPV 8.1 aQG 8.2.

 9. MLGGOH-UXQ G\QaPLcV. AccRUGLQJ WR WKH VKRUW-UXQ G\QaPLcV,

 SQ S S aQG UQ aS = ( VLVL V2S2 * VNSN )

 aV ORQJ aV Q bHORQJV WR a VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO cKaUacWHUL]HG b\ (8.8). AV
 WKH cKaLQ cRQWLQXHV WR HYROYH, aQG aV Q aGYaQcHV bH\RQG WKH VKRUW-UXQ VWabLOL]aWLRQ
 LQWHUYaO, SQ PRYHV aZa\ IURP S? aQG WHQGV WRZaUG P? (aVVXPLQJ P LV SULPLWLYH),
 ZKLOH WKH GLVWULbXWLRQ L-Q GLYHUJHV aZa\ IURP V aQG PRYHV aORQJ a SaWK HQ URXWH WR
 WKH JORbaO VWaWLRQaU\ GLVWULbXWLRQ YHcWRU LU. HRZHYHU, aIWHU WKH VKRUW-UXQ VWabLOL]aWLRQ
 SHULRG KaV HQGHG, cRPSRQHQWV RI LUQ bHORQJLQJ WR WKH VaPH VXbcOaVV QL ZLOO QHYHU-
 WKHOHVV cRQWLQXH WR UHPaLQ LQ aSSUR[LPaWH HTXLOLbULXP UHOaWLYH WR HacK RWKHU. TKH

 IROORZLQJ WKHRUHPV SUHcLVHO\ aUWLcXOaWH WKH VHQVH LQ ZKLcK WKLV RccXUV.

 THEOREM 9.1. FRU aQ P [ P LUUHGXcLbOH VWRcKaVWLc PaWUL[

 P/ O P12 ... PLN
 P21 P22 ... P2N

 PN1 PN2 PNN/"

 ZLWK VWRcKaVWLc cRPSOHPHQWV SLL ZKLcK aUH HacK SULPLWLYH, OHW VL bH WKH VWaWLRQaU\
 GLVWULbXWLRQ YHcWRU IRU SLL, aQG OHW L'Q = XURSQ ZKHUH 7UR LV aQ aUbLWUaU\ LQLWLaO GLVWUL-
 bXWLRQ. II H > 0 LV a QXPbHU VXcK WKaW WKH aVVRcLaWHG VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO
 1(H) LV QRQHPSW\, WKHQ IRU HacK LQWHJHU Q bH\RQG 1(H), WKHUH H[LVW VcaOaUV /L (ZKLcK
 YaU\ ZLWK Q) VXcK WKaW WKH YHcWRU

 VQ =(/3S1 /32S2 ... A*NSN)

 VaWLVILHV WKH LQHTXaOLW\

 OO7UQ - VQ_O < 6.
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 PURRI. II Q LV aQ LQWHJHU bH\RQG WKH VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO I(H), WKHQ
 WKHUH H[LVW SRVLWLYH LQWHJHUV T aQG U VXcK WKaW Q = T + U, ZKHUH

 T E 1(6).

 WULWH LU,-, aV

 UQ = T+U = 7-UP

 ZKHUH LUU LV SaUWLWLRQHG aV

 XL-U = ( 1 X U) (2) ... (N)

 DHILQH YQ WR bH WKH YHcWRU

 ] SRR O ... * *O0 HV, O * 0

 00 Oaa SRR? O O HS2 *- VQ =OU S =U( .)( . ..0 .

 L O O . . . S0 0 L O O *--... HVN

 =(31S1 /32S2 * NSNA )

 ZKHUH

 (9.1) U= LU4)H =Z(GU K)
 K=1

 BHcaXVH T E 1(H), ZH Pa\ cRQcOXGH WKaW

 11OUQ - VQLOO = II-XU ST - XUS'111 _< OOUU OOOOST S _ORR < E.

 TKH VKRUW-UXQ G\QaPLcV HVWabOLVKHG WKH IacW WKaW aV ORQJ aV Q 1E(),

 (9.2) OIQ (VO SL V2S2 V VNSN)

 ZKHUH WKH YL'V aUH cRQVWaQW WKH\ GHSHQG RQO\ RQ WKH LQLWLaO GLVWULbXWLRQ 7U0. TKH
 PLGGOH-UXQ G\QaPLcV JXaUaQWHHV WKaW IRU aOO Q bH\RQG I(H),

 (9 3) IUQ (/31S1 /32S2 ... AVNS)

 ZKHUH WKH SL'V YaU\ ZLWK Q. TKHUHIRUH, LI VWaWHV SL aQG SM HacK bHORQJ WR WKH VaPH
 VXbcOaVV Va\ QU aQG LI SL aQG SM UHSUHVHQW WKH ULWK aQG UMWK VWaWHV ZLWKLQ QU, WKHQ
 LW LV cOHaU IURP (9.2) aQG (9.3) WKaW WKH UaWLR bHWZHHQ WKH LWK aQG MWK cRPSRQHQWV LQ
 LL-Q GXULQJ WKH VKRUW UXQ LV

 (7UQ) (VUSU)U= (SU)U,

 (7UQ)M (VUSU)U (SU)U

 aQG WKLV UaWLR LV aSSUR[LPaWHO\ PaLQWaLQHG bH\RQG WKH VKRUW UXQ bHcaXVH GXULQJ WKH
 PLGGOH UXQ,

 (7UQ) (/3USU)U, - (SU)U,
 (LU)M (/3U SU)U1 (SU) U
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 TKLV UHaOL]aWLRQ LV WKH VHcRQG IXQGaPHQWaO IHaWXUH RI WKH SLPRQ-AQGR WKHRU\, ZKLcK
 LV IRUPaOO\ VWaWHG bHORZ.

 THEOREM 9.2 (MLGGOH-UXQ G\QaPLcV). CRQVLGHU aQ LUUHGXcLbOH VWRcKaVWLc PaWUL[

 PO1 P12 ... PLN
 P21 P22 ... P2N

 PNO PN2 * PNN/

 IRU ZKLcK HacK VWRcKaVWLc cRPSOHPHQW LV SULPLWLYH, aQG VXSSRVH WKaW WKH RII-GLaJRQaO

 bORcNV PLM aUH VXIILcLHQWO\ VPaOO LQ PaJQLWXGH VR aV WR JXaUaQWHH WKH H[LVWHQcH RI a
 QRQHPSW\ VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO 1. AIWHU Q HQWHUV 1, WKH UaWLR bHWZHHQ

 aQ\ WZR cRPSRQHQWV LQ IUQ, ZLWKLQ WKH VaPH cORVHO\ cRXSOHG VXbcOaVV QU, UHPaLQV
 aSSUR[LPaWHO\ cRQVWaQW IRU aOO WLPH WKHUHaIWHU. TKLV UaWLR LV aSSUR[LPaWHO\ WKH VaPH
 aV WKH UaWLR bHWZHHQ WKH cRUUHVSRQGLQJ cRPSRQHQWV LQ WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU

 SU RI WKH aVVRcLaWHG VWRcKaVWLc cRPSOHPHQW SUU. IQ RWKHU ZRUGV, aIWHU Q HQWHUV 1, WKH
 UHOaWLRQV

 (9.4) (7UQI)L (SU)U,
 (LUQ)M (SU)U

 aUH PaLQWaLQHG WKURXJKRXW WKH HQWLUH HYROXWLRQ RI WKH cKaLQ, aQG WKH UaWLRV LQ (9.4)
 aUH LQGHSHQGHQW RI WKH LQLWLaO GLVWULbXWLRQ 7UR.

 10. LRQJ-UXQ G\QaPLcV. TKH RQO\ RbVHUYaWLRQ ZKLcK QHHGV WR bH PaGH cRQ-
 cHUQLQJ ORQJ-UXQ bHKaYLRU LV WKaW WKH VKRUW-UXQ aQG PLGGOH-UXQ UHOaWLYH VWabLOLW\ H[-
 SUHVVHG b\ (9.4) LV PaLQWaLQHG LQ WKH OLPLW. FRU WKH WLPH bHLQJ, aVVXPH WKaW P LV
 SULPLWLYH VR WKaW LWV VWaWLRQaU\ GLVWULbXWLRQ YHcWRU LV JLYHQ aV WKH OLPLW

 X = OLP IUQ = OLP 7URSQ,
 Q-0RR Q-0RR

 aQG UHcaOO IURP TKHRUHP 4.1 WKHUH H[LVW cRQVWaQWV (L (WKH cRXSOLQJ IacWRUV) VXcK WKaW

 7 = ((OSO 62S2 ... (NSN)

 TKHRUHP 9.1 JXaUaQWHHV WKaW GXULQJ WKH PLGGOH UXQ,

 UQ (/31S1 /32S2 *.. A*NSN)

 ZKHUH WKH SL'V YaU\ ZLWK Q, aQG KHQcH LW aSSHaUV WKaW HacK SL VKRXOG HYHQWXaOO\ VHWWOH
 GRZQ WR WKH cRQVWaQW cRXSOLQJ IacWRU (L. TR ULJRURXVO\ GHPRQVWUaWH WKLV, UHcaOO IURP
 (9.1) WKaW HacK SL LV RI WKH IRUP

 SL = LU H = E W U )K
 K=1

 ZKHUH OUU LV a GLVWULbXWLRQ SaUWLWLRQHG aV

 IUU = ((1) ( 2) . . . N)

 aQG ZKHUH U = Q- T IRU VRPH IL[HG SRVLWLYH LQWHJHU T. UVH WKH IacW WKaW
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 LQ cRQMXQcWLRQ ZLWK (4.1) WR cRQcOXGH

 OLP SL = OLP OL(L)H = -LVLH = (L.
 Q-*RR U-*RR

 TKH HQWLUH HYROXWLRQ RI a QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQ caQ QRZ bH IRUPaOO\
 VXPPaUL]HG b\ WKH IROORZLQJ WKHRUHP.

 THEOREM 10.1 (SXPPaU\). CRQVLGHU a QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQ ZKRVH
 WUaQVLWLRQ PaWUL[

 / PO P12 ... PON

 P21 P22 ... P2N
 P= . . .

 PNO PN2 PNN/

 aV ZHOO aV HacK VWRcKaVWLc cRPSOHPHQW SLL LV SULPLWLYH. FRU aQ aUbLWUaU\ LQLWLaO GLV-
 WULbXWLRQ 7UR, WKH GLVWULbXWLRQ 'Q = OQ-1P = 1R S Q HYROYHV aV IROORZV:

 SKRUW-UXQ HYROXWLRQ TKH cRPSRQHQWV LQ ULQ bHJLQ WR HYROYH LQ VXcK a Za\ WKaW
 JURXSV RI cRPSRQHQWV cRUUHVSRQGLQJ WR cORVHO\ cRXSOHG VXbcOaVVHV LQGHSHQGHQWO\ WHQG
 WRZaUG WKHLU RZQ aSSUR[LPaWH ORcaO HTXLOLbULXP. TKH aSSUR[LPaWH ORcaO HTXLOLbULXP
 YaOXHV ZLWKLQ HacK cORVHO\ cRXSOHG VXbcOaVV aUH SURSRUWLRQaO WR WKH YaOXHV LQ WKH VWa-
 WLRQaU\ GLVWULbXWLRQ VL RI WKH aVVRcLaWHG VWRcKaVWLc cRPSOHPHQW SLL.

 SKRUW-UXQ VWabLOL]aWLRQ AV WKH cKaLQ cRQWLQXHV WR HYROYH, WKHUH LV aQ LQWHUYaO RI
 WLPH, WKH VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO 1, GXULQJ ZKLcK WKH cKaLQ LV aSSUR[LPaWHO\
 VWabOH LQ WKH VHQVH WKaW

 (10.1) 1Q - (aL S L a2S2 ... aNSN)

 ZKHUH WKH aL 'V aUH cRQVWaQWV ZKLcK GHSHQG RQO\ RQ 7UR.
 MLGGOH-UXQ HYROXWLRQ AV Q SaVVHV bH\RQG I, WKH GLVWULbXWLRQ OLQ PRYHV aZa\

 IURP WKH VKRUW-UXQ VWabLOL]aWLRQ YHcWRU JLYHQ LQ (10.1), bXW OQ QHYHUWKHOHVV PaLQWaLQV
 aQ aSSUR[LPaWH UHOaWLYH VWabLOLW\ bHWZHHQ cRPSRQHQWV cRUUHVSRQGLQJ WR WKH VaPH cORVHO\
 cRXSOHG VXbcOaVV LQ WKH VHQVH WKaW

 (10-2) IUQ 13 (SS /32 S2.. * ** NSN)

 ZKHUH WKH /L 'V YaU\ ZLWK Q.
 LRQJ-UXQ HYROXWLRQ TKH /L 'V LQ (10.2) bHJLQ WR VHWWOH GRZQ WR OLPLWLQJ YaOXHV

 ZKLcK GHILQH WKH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU IRU WKH HQWLUH cKaLQ.
 LRQJ-UXQ VWabLOL]aWLRQ AV Q -* RR, 7UQ -X IU, aQG SL .-* L ZKHUH WKH (L'V aUH

 WKH cRQVWaQW cRXSOLQJ IacWRUV JLYHQ LQ TKHRUHP 4.1. SR IRU SUacWLcaO SXUSRVHV, WKHUH
 LV VRPH SRLQW LQ WLPH SaVW ZKLcK

 IUQ 1 (SO 1 2S2 .. * NSN)-

 11. RHOa[LQJ SULPLWLYLW\. AQ H[SOLcLW K\SRWKHVLV RI TKHRUHP 10.1 LV WKaW P
 aQG HacK VWRcKaVWLc cRPSOHPHQW SLL aUH SULPLWLYH. AOWKRXJK LW LV LPSOLcLW LQ WKH
 SLPRQ-AQGR GHYHORSPHQW [18] aQG LQ WUHaWPHQW b\ CRXUWRLV [3], WKH SULPLWLYLW\ aV-
 VXPSWLRQ LV QHYHUWKHOHVV SUHVHQW LQ WKHVH SOacHV aV ZHOO. OI cRXUVH, SULPLWLYLW\ LV QRW
 aQ RYHUO\ UHVWULcWLYH K\SRWKHVLV bHcaXVH LW LV IUHTXHQWO\ SUHVHQW LQ SUacWLcaO SURbOHPV.
 HRZHYHU, WKH SULPLWLYLW\ aVVXPSWLRQ LV QRW QHcHVVaU\. TKH SXUSRVH RI WKLV VHcWLRQ LV
 WR JLYH a bULHI LQGLcaWLRQ RI KRZ aQG ZK\ WKH cRQcOXVLRQV RI TKHRUHP 10.1 UHPaLQ
 YaOLG LQ a PRUH JHQHUaO VHQVH ZLWKRXW WKH aVVXPSWLRQ RI SULPLWLYLW\.
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 SXSSRVH WKaW

 P1O P12 ... PON
 P21 P22 P2N

 PNO PN2 PNN/

 aV ZHOO aV LWV aVVRcLaWHG VWRcKaVWLc cRPSOHPHQWV SLL aUH QRW QHcHVVaULO\ SULPLWLYH,
 aQG aVVXPH RQO\ WKaW P LV LUUHGXcLbOH. AccRUGLQJ WR TKHRUHP 2.3, aOO VWRcKaVWLc

 cRPSOHPHQWV SLL aUH WKHUHIRUH LUUHGXcLbOH, aQG KHQcH P aV ZHOO aV WKH SLL'V HacK SRVVHVV
 a XQLTXH VWaWLRQaU\ GLVWULbXWLRQ YHcWRU GHQRWH WKHP b\ XU aQG VL, UHVSHcWLYHO\. II S
 LV WKH PaWUL[

 O S22 ... L

 0 O ...* SNN'

 aQG LI S(Q) aQG V(Q) GHQRWH WKH aYHUaJHV

 S(Q) I I+S+P2 ++ aQG S(Q) I + S + S2 SQ-1
 Q Q

 WKHQ LW LV ZHOO NQRZQ (VHH [11]) WKaW

 /HV, 0 ... 0

 S (Q) -P S= HLU aQG S(Q) I S? =( HV2 ... .

 R O ... HSN

 II WKH RII-GLaJRQaO bORcNV PLM LQ P aUH TXLWH VPaOO LQ PaJQLWXGH, WKHQ TKHRUHP 6.1
 JXaUaQWHHV P S VR WKaW SQ SQ, aQG KHQcH S(Q) S (Q), aV ORQJ aV Q LV QRW WRR

 OaUJH. MRUHRYHU, LI WKH PaJQLWXGHV RI WKH PLM'V aUH VXIILcLHQWO\ VPaOO, WKHQ WKHUH aUH
 VRPH YaOXHV RI Q VXcK WKaW HacK S (Q) LV QHaU LWV OLPLWLQJ YaOXH S?9 bHIRUH S(Q) aQG
 S(Q) KaYH PRYHG WRR IaU aSaUW. TKaW LV, LI P LV QHaUO\ cRPSOHWHO\ UHGXcLbOH, WKHQ WKHUH
 LV a VKRUW-UXQ VWabLOL]aWLRQ LQWHUYaO I VXcK WKaW

 HV, 0 ... 0

 S(Q) S(Q) SRR ( HV2 ... 0

 O O .. HSNN

 aV ORQJ aV Q E 1;, aQG GXULQJ WKLV SHULRG,

 7(Q) = URS(Q) = = ((YLV, V2S2 *.. VNSN)

 ZKHUH WKH YL'V aUH WKH cRQVWaQWV JLYHQ b\

 YL = 7UR H = 7U
 K=1

 IQ VXcK a PaQQHU, WKH aQaORJXH RI VKRUW-UXQ VWabLOL]aWLRQ caQ bH HVWabOLVKHG IRU WKH
 PRUH JHQHUaO caVH, aQG HVVHQWLaOO\ WKH VaPH aUJXPHQWV XVHG LQ ?8 caQ bH XVHG WR
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 SURYLGH ULJRURXV SURRIV. SLPLOaUO\, WKH PLGGOH-UXQ aQG ORQJ-UXQ G\QaPLcV RI a QRQ-

 SULPLWLYH QHaUO\ cRPSOHWHO\ UHGXcLbOH cKaLQ aUH GHULYHG IURP HVVHQWLaOO\ WKH VaPH

 aUJXPHQWV XVHG LQ ?9 aQG ?10 WKHUHb\ SURYLGLQJ a GLUHcW H[WHQVLRQ RI TKHRUHP 10.1

 WR WKH PRUH JHQHUaO caVH b\ VLPSO\ UHSOacLQJ PT, S'QL, aQG LUT b\ S(Q), S(L), aQG U(Q),
 UHVSHcWLYHO\.

 12. AcNQRZOHGJPHQWV. TKH aXWKRU LV LQGHbWHG WR PaXO ScKZHLW]HU, MRVKH Ha-

 YLY, BUXcH MaWWLQJO\, aQG W. J. SWHZaUW IRU WKHLU XVHIXO cRPPHQWV ZKLcK KHOSHG WR

 LPSURYH WKLV H[SRVLWLRQ.
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